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Abstract 

We review a progress in obtaining the complete non-perturbative effective action 
of type II string theory compactified on a Calabi-Yau manifold. This problem is 
equivalent to understanding quantum corrections to the metric on the hypermul- 
tiplet moduli space. We show how all these corrections, which include D-brane 
and NS5-brane instantons, are incorporated in the framework of the twistor ap- 
proach, which provides a powerful mathematical description of hyperkahler and 
quaternion-Kahler manifolds. We also present new insights on S-duality, quan- 
tum mirror symmetry, connections to integrable models and topological strings. 



Contents 



Introduction 

I Moduli spaces in gauge and string theories 

1 Calabi-Yau compactifications of string theory 

1.1 Calabi-Yau manifolds and their moduli spaces 

1.2 Type II super gravities in 10 and 4 dimensions: field content .... 

1.3 Low energy effective action 

2 Hypermultiplet moduli space 

2.1 Symmetries and dualities 

2.2 Tree level metric and c-map 

2.3 Quantum corrections 

2.4 Where we are 

3 Compactified gauge theory 

II Twistor approach to quaternionic geometries 

1 HK spaces 

1.1 Twistorial construction 

1.2 Holomorphic Darboux coordinates and transition functions 

1.3 0{2) HK manifolds and their deformations 

1.4 Branch cuts and open contours 

2 QK spaces 

2.1 HKC construction and twistor space 

2.2 Transition functions 

2.3 The metric 

2.4 Toric QK geometries, deformations and isometries 

2.5 QK/HK correspondence 

III Tree level and perturbative corrections 

1 Tree level moduli space in the twistor description 

2 Perturbative moduli space 

2.1 One- loop correction in the twistor space 

2.2 Moduli space metric 

IV D-brane instantons |42 

1 D-instanton corrected twistor space 

1.1 BPS rays and transition functions in the one-instanton approximation 



2 



CONTENTS 



1.2 All orders construction 

1.3 Darboux coordinates and contact potential 

1.4 Symplectic invariance 

2 Gauge theories and wall-crossing 

2.1 BPS instantons 

2.2 Wall-crossing 

3 Integrability 

3.1 Relation to TBA 

3.2 Potentials, free energy and Yang- Yang functional . 

3.3 S-matrix 

3.4 Y-system and unusual features of TBA 

V Quantum mirror symmetry and S-duality 

1 Type IIB formulation 

1.1 D-branes and charge quantization 

1.2 S-duality and mirror symmetry 

1.3 Monodromy invariance and spectral flow symmetry 

2 S-duality in twistor space 

2.1 Classical S-duality 

2.2 Inclusion of instantons: general construction . . . . 

2.3 D(-l)-Dl-instantons 

2.4 D3-instantons 

3 Non-perturbative mirror map 

VI NS5-brane instantons 

1 Topological issues 

2 Fivebrane corrections to the contact structure 

2.1 S-duality on the job 

2.2 Consistency checks 

3 Fivebrane partition function and topological strings . . . . 

3.1 Relation to the topological string amplitude . . . . 

3.2 Fivebrane partition function from twistor space . . 

VII Example: universal hypermultiplet 

1 Four- dimensional QK spaces 

1.1 Przanowski description 

1.2 QK spaces with isometries 

1.3 Relation to the twistor description 

2 Geometry of the universal hypermultiplet 

2.1 Perturbative universal hypermultiplet 

2.2 Instanton corrections as perturbations 

Conclusions 
References 



3 



Introduction 



String theory is the most promising candidate for the theory of quantum gravity. At 
Planck scale it provides a consistent and unified description of all interactions. However, to 
connect this high energy description to the low energy world accessible to current observa- 
tions and to make falsifiable predictions is an extremely difficult problem. One of the main 
complications is that the theory is formulated initially in ten- dimensional spacetime and 
should be compactified down to four dimensions. The resulting theory, of course, crucially 
depends on the internal manifold one compactifies on. On one hand, this opens plenty of 
possibilities and makes string theory very rich. On the other hand, this raises the question 
of how to choose the right compactification. 

Furthermore, even if we could answer this question, one would still have to find the cor- 
responding effective theory in four dimensions. Although in the classical regime it can be 
obtained by the simple Kaluza-Klein reduction, generically, even its low energy approxima- 
tion is affected by quantum corrections. In string theory they can be of two types: either 
weighted by the parameter a' controlling string tension and counting loops on the string 
world sheet, or dependent on the string coupling constant g s counting string loops in the 
target space. Moreover, besides the usual loop corrections, the low energy effective action 
receives non-perturbative contributions. They represent the most non-trivial part of the 
problem. In particular, this is due to the absence of a string instanton calculus which would 
allow their microscopic calculation, as can be done, for example, in gauge theories. 

As a result, our ability to find the effective theory strongly depends on how complicated 
the compactification manifold is chosen to be. For instance, it can be very helpful if the cho- 
sen compactification is known to lead to effective theories satisfying some generic restrictions, 
such as being invariant under various symmetries or dualities. One of the very important 
characteristics of this sort is the amount of supersymmetry preserved after compactifica- 
tion. The more one has supersymmetry, the more constraints the low energy effective action 
should satisfy. 

In this review we will concentrate on the case with N = 2 supersymmetry. This is 
a somewhat compromised situation between the very rigid and much more simple case of 
N = A supersymmetry, on one hand, and the phenomenologically relevant, but extremely 
complicated case with N — 1 supersymmetry or without it at all, on the other hand. Thus, 
what we are going to consider is already sufficiently rich to contain a lot of interesting and 
quite non-trivial physics, but at the same time it is still amenable to a deep analytical 
analysis. 

Besides, our consideration will be restricted to string theories of type II. As is well known, 
in this case in order that the compactified theory has N = 2 supersymmetry, the compact- 
ification manifold should be Calabi-Yau. Then in the low energy limit one finds N = 2 
supergravity coupled with a set of matter fields. One of the consequences of A = 2 supersym- 
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metry is that the low energy effective action is completely determined by the metric on the 
moduli space parametrized by four- dimensional scalar fields. Furthermore, the moduli space 
is always factorized to two disconnected components corresponding to the moduli spaces of 
vector and hypermultiplets. Whereas the first one is classically exact and well understood, 
the metric on the hypermultiplet moduli space AIhm receives various quantum corrections 
and at the full non-perturbative level remains still unknown. To find its non-perturbative de- 
scription, and thus the complete low energy effective action for compactification on arbitrary 
Calabi-Yau, is our primary goal. 

It is useful to know that there is a simplified version of this problem. It appears upon 
consideration of a supersymmetric N = 2 four-dimensional gauge theory compactified on 
a circle. The effective theory in three dimensions is also determined by the metric on its 
moduli space M.\ d corrected by non-perturbative contributions. As we will see below, the 
hypermultiplet moduli space and the one appearing in this gauge theory context are closely 
related to each other and in some sense the former can be reduced to the latter in a certain 
approximation. 

Let us briefly compare the two moduli spaces between each other. First of all, both of 
them are quaternionic manifolds. More precisely, due to constraints of N = 2 supersym- 
metry, AIhm is quaternion- Kdhler (QK) and Aif d is hyperkdhler (HK). We will describe 
in detail these types of geometries in the second chapter. Here we note that, before even 
trying to find the non-perturbative geometry of the moduli spaces, one has to address a 
pure mathematical problem of how to parametrize such quaternionic manifolds. It is almost 
hopeless to find the complete metric, and the non-perturbative description is feasible only 
if all information about the metric can be encoded in a certain potential function. Due to 
this reason, we first develop the so called twistor approach to the description of quaternionic 
spaces which solves this parametrization problem. It allows to encode all geometric informa- 
tion on a quaternionic manifold in a set of holomorphic functions, thereby revealing the well 
known connection between N = 2 supersymmetry and holomorphicity. We postpone the 
discussion of the twistor approach till chapter [III At this point we would like just to mention 
that it encodes the HK geometry into a complex symplectic structure, whereas in the case of 
QK geometry it gives rise to a complex contact structure on its twistor space. Although the 
latter is just an odd-dimensional analogue of the former, the difference between them turns 
out to be substantial. As a result, QK spaces appear to be more complicated than HK ones 
and one may think that the level of this complication is precisely what differs gravity from 
gauge theories. 

A more concrete understanding of this idea comes when one looks at the non-perturbative 
corrections to the classical metrics on M.f d and AIhm- All these corrections are of instantonic 
type originating either from BPS particles winding around the compactification circle on the 
gauge theory side, or from Euclidean D-branes and NS5-branes wrapping non-trivial cycles of 
the Calabi-Yau on the string theory side. In a certain sense the effects of D-branes on AIhm 
can be identified with the effects of the BPS particles on Mf d - Later we will see how this 
identification can be made precise. In particular, the D-instanton corrected contact structure 
on the twistor space of AIhm is reduced to the symplectic structure on Aif d . However, this 
does not work anymore upon inclusion of NS5-branes. There is no a gauge theory analogue 
for the instantons coming from these branes and they represent a pure stringy effect. It is 
responsible for why the string theory story is so different and so complicated compared to 
the gauge theory one. 
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Although the final goal, namely, to find a complete non-perturbative description of the 
hypermultiplet moduli space A^hm, has not been achieved yet, a great progress has been 
done in this direction. This review aims to present these achievements. 

• We start with a general overview of Calabi-Yau compactifications of Type II string 
theories. We discuss generic restrictions on their moduli spaces, which symmetries they 
should realize and describe the hypermultiplet moduli space at the classical level. Then we 
present the current status of the problem and compare it with the gauge theory case. 

• In the second chapter we develop an important mathematical machinery which is 
necessary to efficiently describe HK and QK geometries. It is based on the so called twistor 
spaces associated with the initial quaternionic manifolds. It is this twistor description that 
was at origin of the progress presented in the following chapters. 

• In the third chapter we show how the classical moduli space can be reformulated using 
this twistor approach. Afterwards we include a one-loop correction into this description, 
which is supposed to exhaust all perturbative corrections to the moduli space. In this way 
we explicitly evaluate the full perturbative metric. 

• In the next chapter we turn to the non-perturbative effects where we restrict ourselves 
to the instanton corrections due to D-instantons. We show how they are nicely incorporated 
at the level of the twistor space and discuss the relation of this construction to its gauge 
theory cousin and the so called wall-crossing phenomenon. Then in the same chapter we 
reveal an intimate relation to integrability via Thermodynamic Bethe Ansatz (TBA). 

• Whereas the construction of the forth chapter was suited for type IIA string theory, in 
the fifth chapter we turn to the type IIB formulation. In particular, we discuss how mirror 
symmetry and S-duality are realized on A^hm and on its twistor space and obtain instanton 
corrections to the quantum mirror map. 

• The sixth chapter is devoted to the last missing part of the full non-perturbative picture 
of the hypermultiplet moduli space — the effects of NS5-branes. We discuss their partition 
function, how they affect the topology of the moduli space and derive the corresponding 
instanton corrections in the one-instanton approximation by applying S-duality to the known 
D-instantons. Finally, we uncover an intriguing relation of the NS5-brane corrections to 
topological strings and their wave functions. 

• Finally, in the last chapter we exemplify some of the previous results on the simplest 
case of the four-dimensional hypermultiplet moduli space, which is known by the name of 
universal hypermultiplet. In this case QK spaces allow a detailed description in terms of 
solutions of a certain non-linear differential equation. We establish precise relations be- 
tween different approaches to encode the QK geometry and obtain some implications for the 
instanton corrections. 

As can be seen from this overview, most of the results presented here are derived and 
formulated using the twistor approach, what explains also the title of the review. However, it 
provides only a mathematical framework. Without explicit microscopic calculations, the only 
additional physical input which one has at our disposal is a set of symmetries respected by 
the moduli space metric. A remarkable fact is that these symmetries turn out to be sufficient, 
at least in principle, to determine the complete non-perturbative geometry of A^hm or, more 
precisely, to parametrize it in terms of a set of topological characteristics of Calabi-Yau 
such as Gromov-Witten and Donaldson-Thomas invariants, which are supposed to be our 
input data. Our results show that the idea to use the symmetries of string theory can be 
realized by combining it with the twistor approach and using the fact that any isometry 
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on a QK space is lifted to a holomorphic action on its twistor space. This provides a very 
strong constraint which fixes both the metric and the symmetry transformations which all 
get quantum corrections. In particular, as mentioned above, this strategy allows to find the 
action of mirror symmetry at the non-perturbative level. 

It is worth also to emphasize that the non-perturbative description of A^hm and M.f d 
shows various connections to integrable structures. Combining these observations with the 
fact that such complicated system seems to admit an exact description hints towards inte- 
grability of gauge and string theories with N = 2 supersymmetry. Although this is already 
a well established situation in the context of N = 4 SYM and AdS/CFT [T], here we have 
a chance to get it with two times less supersymmetries. While there have been already 
observed many intriguing connections of N = 2 theories to the integrable world [2j [3j HJ E], 
their complete understanding is still lacking. We hope that this work may shed some light 
on this fascinating subject. 
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Chapter I 

Moduli spaces in gauge and string 

theories 

1 Calabi-Yau compactifications of string theory 

As is well known, all five consistent superstring theories are formulated in ten dimensions. 
Therefore, to connect any of them to the four-dimensional world, one should compactify it 
on a six-dimensional compact manifold. Then at low energies in four dimensions one finds 
an effective field theory which is typically given by supergravity coupled to various matter 
fields. In particular, if one restricts to the lowest order in the string tension a', all fields 
come from the massless string sector and there are no terms in the effective action with more 
than two derivatives. However, the precise form of the effective action depends, of course, 
on the internal compact manifold chosen for compactification, background fluxes, etc. 

Here we are interested in type II superstring theories and in their compactifications which 
have N = 2 supersymmetry in the low energy limit. The presence of 8 unbroken supercharges 
imposes certain restrictions on the internal space which are equivalent to the condition that 
it is a Calabi-Yau manifold. In this section we describe the general structure of the effective 
theory appearing in Calabi-Yau compactifications with particular emphasis on its moduli 
space which completely determines the low energy action. However, first we need to review 
some basic facts about Calabi-Yau geometry. 



1.1 Calabi-Yau manifolds and their moduli spaces 

A Calabi-Yau manifold 2) can be defined as a compact complex manifold with a Ricci-flat 
Kahler metric. It can be shown to have holonomy group contained in SU(n), where n is 
its complex dimension, and vanishing first Chern class ci(2)). Here we are interested in the 
case n = 3. It has also been proven that given a Kahler manifold with vanishing first Chern 
class, in the given Kahler class, there is a unique metric which is Richi-flat and thus defines 
a Calabi-Yau manifold. 

These properties fix some of the topological characteristics of Calabi-Yau spaces. For 
example, the Hodge diamond which provides the dimensions of the Dolbeault cohomology 
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groups H p,q (%)) takes the following form 

1 



h 1 ' 1 

1 h 2 * 1 h 2 ' 1 1 (1.1) 

h 1 ' 1 


1 

It implies several immediate consequences: 

• Since the Hodge numbers give also dimensions of the homology groups, one observes 
that Hi(%)) and H^ifQ) are trivial so that any Calabi-Yau does not have non-trivial 
one- and five-dimensional cycles. 

• The Euler characteristic can be easily calculated and is given by 

Xy = El- 1 )^' 5 ®) = 2 P* 1,1 ®) " h2 ' l &)) ■ (1-2) 
p,q 

• The fact /t 3 '°(2)) = 1 ensures the existence and uniqueness up to a holomorphic factor 
of nowhere vanishing holomorphic (3,0)-form, commonly denoted by Q. 

It is clear that Q uniquely determines the complex structure of 2). On the other hand, 
the information about the Kahler structure is contained in the Kahler (l,l)-form J. Since 
these two structures uniquely determine the Calabi-Yau metric, they parametrize the moduli 
space of Calabi-Yau manifolds. Thus, the moduli space factorizes into the space of complex 
structure deformations given locally by # 2,1 (2), C) and the space of Kahler class deformations 
coinciding with iJ 1,1 (2), M). In fact, from the string theory point of view it is natural to 
consider a complexification of the Kahler deformations as well because the metric always 
appears together with the antisymmetric B-field from the NS-NS sector which naturally 
combines with the Kahler form as B + i J. Denoting the resulting moduli spaces of complex 
structure and complexified Kahler deformations by /Cc(2)) and /C^(2)), the moduli space 
which should be analyzed is given by 



which is completely determinei 
of 77. + 1 variables X A , A = 0, 1 
Kahler potential as follows 



My = /C c (2)) x K K {fQ). 



(1.3) 



Both factors in (1I.3H come with a natural metric which makes them special Kahler man- 
ifolds. Such a manifold of complex dimension n has a metric defined by a Kahler potential 

9al = d a d- b K,{z,z), (1.4) 

i by a holomorphic, homogeneous of degree 2 function F(X) 
, . . . , n. This function is called prepotential and it defines the 



/C = -log[2Im (X A F A (X))}, (1.5) 
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where we denoted Fa = d x ^F, Fat, = d X Ad x sF, etc. The coordinates z a , a = l,...,n, 
parametrizing the special Kahler manifold are related to the homogeneous coordinates X A 
as z a = X a /X°. 

The holomorphic (3,0)-form Q and the complexified Kahler (l,l)-form provide natural 
candidates for the metric, the above defined coordinates and the prepotential. We describe 
now these two cases separately, which gives us also an opportunity to introduce a few useful 
formulae. 



Complex structure moduli 

The holomorphic (3,0)-form Q gives rise to the following Kahler potential on /Cc(2)) written 

as 

K = -logi f Q A a (1.6) 

To introduce the corresponding holomorphic coordinates on /Cc(2)), it is convenient to con- 
sider the full de Rham cohomology group 

H 3 = H 3fi © H 2 ' 1 © H 1 ' 2 © H ' 3 (1.7) 

and its dual Hz(%)). It is always possible to choose a basis of the latter group given by three- 
cycles A A and Ba such that the only non-vanishing intersection numbers are A A #B-£ = S A . 
They can be thought as A and B-cycles, correspondingly. Given such a basis, we define 

X A = [ Q, F A = [ Q. (1.8) 

Of course, these 2(h 2,1 + 1) coordinates are not all independent since the deformations of the 
complex structure span only a /i 2,1 -dimensional space. As a result, one can always tune the 
basis of cycles such that all Fa are functions of X A . Moreover, the Riemann bilinear identity 

X AV = W/ x[ 4- f xf A (1-9) 
2i A \Ja a Jb a Jb a Ja a / 

for closed 3-forms \ and ip, applied to x = ^, ^ = ^a^, ensures that F\ are derivatives 
of a homogeneous function which can be obtained as F = ^ X A F A . This function defines 
the prepotential on the space of complex structure moduli. Then the Kahler potential (II. 6p 
coincides with the one following from ( II. 5 j) . 



Kahler moduli 

In this case one should consider instead the even cohomology group 

#-even = H° © H 2 © © H 6 . (1. 10) 

Let us choose a basis in this space parametrized by oji = (1, ui) and u 1 = (oj%),u 1 ) where cug 
is the volume form such that 

bJi A u 3 = Sjuy, Ui A Uj = K ijk u k , (1. 11) 
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and the indices run over I = (0, i) — 0, 1, . . . , /i 1,:l (2J)E The second equality in (11.111) defines 
triple intersection numbers of the Calabi-Yau. Choosing the dual basis 7* of 2-cycles and a 
basis 7, of 4-cycles, they can also be given as = L A ujj A Uk = (ji, jj, jk)- Then the 
natural metric on /C^-(2)) is defined by 

ga = ^J Ui A = d A(- J og8V) , (1.12) 

where 

y = I f jajaj (1.13) 



3) 



(3 

is the volume of the Calabi-Yau. 

The holomorphic coordinates on K,k (2)) arise as 

u* = + # = / (5 + iJ). (1.14) 

Defining the homogenous coordinates via Y 7 = (1, w l ), the prepotential on the Kahler moduli 
space can be written in terms of the intersection numbers 

F (jq = -1 Sttggg . (i.i5) 

Then (II. 5j) indeed leads to the Kahler potential from (II.12j) . As we will see, the cubic prepo- 
tential (11.15j) is only an approximation, valid in the limit of large volume, of the prepotential 
which appears in string compactifications. 



1.2 Type II supergravities in 10 and 4 dimensions: field content 

To obtain the low energy effective description of compactified type II string theories, it is 
convenient to start from the corresponding supergravity theories in 10 dimensions. There 
are two versions of ten-dimensional supergravity corresponding to the two versions of type 
II superstring — type IIA and type IIB. The bosonic sector of both of them consists from 
NS-NS fields and R-R fields. The former feature the ten-dimensional metric, a two-form B 2 
and the dilaton whereas the latter comprise p-form potentials A p with p = 1, 3 in type 
IIA and p = 0,2,4 in type IIB with additional self-duality constraint on the field strength 
of A 4 

J- 5 = *Js. (1.16) 

To compactify these theories on a Calabi-Yau 2), one should expand the ten-dimensional 
fields in the basis of harmonic forms on 2). For even p-forms, such a basis was already 
introduced below (11.101) . For odd p, one should consider only 3-forms since i? 1 (2J) and 
H 5 (%)) are trivial. We label the basis 3-forms as «a and /3 A , which are chosen to be dual 
to the B and A-cycles, correspondingly. In the following we will be interested only in the 
bosonic sector since the fermionic contributions can be restored, at least in principle, by using 
supersymmetry. Below we summarize the result of its effective four- dimensional description. 

^rom now on, the indices A, E (resp. a, b) always run from (rcsp. 1) till /i 2,1 (2)), whereas I, J (rcsp. 
go till h 1 ' 1 ®). 

2 In this section all ten-dimensional fields will be labeled by hat and p-forms will carry the low index p. 
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Type IIA 



The bosonic sector of type IIA supergravity in ten dimensions is described by the following 
action [6] 



Sua = ^ 



-2<b 



R*l+ 4d0 A *d</> - - H 3 A -kH 3 



■ {f 2 A *f 2 + *J* 4 ) - B 2 A di 3 A di 3 



(1.17) 



where the field strengths for the RR gauge potentials and the antisymmetric B-field are 
defined as 

H 3 = dB 2 , P 2 = dA ly P 4 = dA 3 - A 1 A H 3 (1.18) 

Upon compactification all fields are decomposed as shown in the third line of Table 11.11 In 
particular, the metric gives rise to the complex scalars z a and the real scalars t l because, as we 
know from the previous subsection, its deformations, comprising deformations of the complex 
structure and of the Kahler class, are in one-to-one correspondence with the harmonic (2,1) 
and (l,l)-forms, respectively. 



Type IIA 


NS-NS 


R-R 


lOd 


9XY 


B 2 




M 


A 3 


4d 


g»u t* z a 


B 2 + VuJi 







A 3 + A\ A Ui + C a «a + Ca/3 A 


4d dual 




-i 

a V 




A\ 


: a : 

const A\ C Ca 



Table 1.1: Field content of lOd type IIA supergravity and its Calabi-Yau compactification. 
The last line shows the field content after dualization of p-forms in four dimensions. The 
green, blue and red colors indicate fields from the gravitational, vector and hypermultiplets, 
respectively. 

All four- dimensional fields organize in iV = 2 supermultiplets: 



{g^Al) 

(5 2 ,0,C°,Co) 
(A\,v l = b' l + it l ) 

. The reason is that such a field carries no 



gravitational multiplet 
tensor multiplet 
h 2,1 hypermultiplets 
ft, 1 ' 1 vector multiplets 

This list however does not include the 3-form A 3 
degrees of freedom since in four dimensions it can be dualized to a constant. In the following 
we will put it to zero, although in [7] it has been shown that it can play an important 
role inducing a gauge charge for the NS-axion a. The latter scalar in turn appears after 
dualization of the 2-form B 2 . As a result of this dualization, the tensor multiplet converts 
into an additional hypermultiplet and the resulting field content is shown in the last line of 
Table 11.11 where different colors distinguish different types of iV = 2 multiplets. 

Note that the hypermultiplet dual to the tensor multiplet is always present in spectrum, 
independently on the Hodge numbers of the Calabi-Yau. Due to this reason it is called 
universal hypermultiplet. When h 2,1 vanishes it exhausts all hypermultiplets and the problem 
of its effective description represents the simplest case of the problem considered in this work. 
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Type IIB 

Now we turn to the type IIB supergravity. The bosonic part of its action reads j6] 



S 



IIB 



-2d> 



R*l + 4d0 A *c 



-H 3 A*H 3 



- [ T x A * T\ + T 3 A *T 3 + - T h A * J" 5 



A 4 A diJ s A dA, 



(1.19) 



where 



H 3 = dB 2 , A=dA , F 3 = dA 2 -A AH 3 , P h = dA 4 - - A 2 AH 3 + ^B 2 AdA 2 , (1.20) 



and the equations of motion following from the action (II. 19j) should be supplemented by the 
self-duality condition ( lI.16p FI As in the type IIA case, we present the result of the expansion 
of ten-dimensional fields in Table 11.21 



Type IIB 


NS-NS 


R-R 


lOd 


9XY 


B 2 




A 


A 2 


M 


4d 


g^u t { z a 


B 2 + b'ui 




c° 


A 2 + c % Ui 


D l 2 uji + Dioo 1 + Afa A + A lA (3 A 


4d dual 


g^u f z a 








c° 


~t 

c c l 


~$ 



Table 1.2: Field content of lOd type IIB supergravity and its Calabi-Yau compactification. 
The last line shows the field content after dualization of 2-forms in four dimensions. The 
green, blue and red colors indicate fields from the gravitational, vector and hypermultiplets, 
respectively. 

A new feature here is that the self-duality condition implies that the scalars Di and the 
vectors Ai t \ are dual to the 2-forms D\ and to the vectors A±, respectively. Therefore, they 
are redundant fields and do not contribute to the spectrum. The remaining fields again 
combine in N = 2 supermultiplets as follows: 

gravitational multiplet (g^v, A®) 

double-tensor multiplet (B 2 , A 2 , 0, c°) 

ft, 1 ' 1 tensor multiplets (t\b\c\D l 2 ) 

h 2 ' 1 vector multiplets (A®, z a ) 

Finally, all 2-forms can be dualized into scalars. This maps the double-tensor and h 1 ' 1 tensor 
multiplets into h 1A + 1 hypermultiplets. The resulting spectrum is shown in the last line of 
Table O 

From this analysis one concludes that in four dimensions in both cases one obtains N = 2 
supergravity given by the gravitational multiplet coupled to two types of matter multiplets: 
vector multiplets (VM), whose bosonic sector contains a gauge field and a complex scalar, 
and hypermultiplets (HM) each having 4 real scalars. The number of the multiplets is 
determined by the Hodge numbers according to the following table: 



3 It is possible also to write a covariant action which incorporates the self-duality condition 0[9]. 
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type IIA type IIB 


hypermultiplet 
vector multiplets 


h 2 ' 1 + 1 h 1 ' 1 + 1 
h 1 ' 1 h 2 ' 1 



This result is in perfect agreement with the statement of mirror symmetry that type 
IIA string theory compactified on a Calabi-Yau manifold 2J should be equivalent to type 
IIB string theory compactified on a mirror Calabi-Yau 2J. The mirror manifold has swaped 
Hodge numbers with respect to the original Calabi-Yau 

h^m^h^m, h i > i m = h 2 >\z)), a-21) 

which agrees with the spectrum presented above. 



1.3 Low energy effective action 

The action of N = 2 supergravity coupled to riy vector multiplets and n# hypermultiplets to 
the large extent is fixed by supersymmetry. At the two-derivative level, corresponding to the 
low energy approximation of string theory, the vector and hypermultiplets stay decoupled 
from each other and interact only via gravitational interaction. Thus, in the Einstein frame 
the bosonic part of the action splits into three terms 

S e & = 2 y -R * 1 + Svm + Shm- (1-22) 
The effective action for the vector multiplets is known to have the following general form 

HDiinfl 



VM 



- ImAfuJ 71 A *F J + - ReA/}jJ r7 AJ J + K^(v, v)dv i A *d& 
2 2 



(1.23) 



where the field strength of the graviphoton F° is combined with other gauge fields and Mij 
is a complex matrix dependent on the scalars v % and their complex conjugates. Moreover, 
the couplings A//j and /Qj are not arbitrary, but restricted further by A = 2 supersymmetry. 
In particular, ]Cq must be the metric on a special Kahler manifold parametrized by v l . In 
other words, it is determined by a prepotential F, a homogeneous holomorphic function, 
according to fll.5j) . Furthermore, the gauge couplings Mij are also determined by the same 
prepotential [TU] 

where we introduced Njj = —2lmFjj and used v 1 = (l,v l ). Note that ImA/}j is negative 
definite so that the kinetic term in (11.231) is well defined. 

As to the hypermultiplet effective action, it is given by a non-linear cr-model 

Shm = J d 4 xg al3 (q)d»q a d^, (1.25) 

4 We use here the notations for indices appropriate for the type IIA case. 
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where q a , a = 1, . . . , 4n#, denotes the collection of all scalar fields from the hypermultiplet 
sector. As in the case of vector multiplets, the target space metric g a p(q) is not arbitrary. 
The N = 2 supersymmetry requires that it defines a quaternion- Kahler (QK) manifold [T2l| . 
We will study this type of geometry in detail in chapter [TTJ 

Thus, one concludes that the low energy effective action of Calabi-Yau compactifications 
of type II superstring theory is completely determined by the metric on the moduli space, 
which is parametrized by the scalars of vector and hypermultiplets. At the two derivative 
level, the complete moduli space is factorized 

M 4d = M VM x Mum, (1-26) 

where the first factor is required to be special Kahler, whereas the second factor must be 
quaternion-Kahler. 

The holomorphic prepotential F describing A^vm is tree level exact, i.e. it does not 
receive any ^-corrections, and can be explicitly computed. In particular, in type IIB theory, 
where the vector multiplet moduli space coincides with the space of complex structure defor- 
mation of Calabi-Yau, A^vm = the prepotential is also free of a'-corrections. Therefore, 
in this case the effective action obtained for the vector multiplets by the usual Kaluza-Klein 
reduction is exact. As a result, the prepotential turns out to be the same as the one defined 
via (II. 8j) by the holomorphic 3-form Q. 

On the other hand, in type IIA theory where A^vm appears as the space of complexified 
Kahler class deformations, A4vm = K-k, the natural prepotential ( 11.151) gives only the large 
volume approximation of the complete geometry of the moduli space. The correct prepo- 
tential can be derived using mirror symmetry which requires in particular that the moduli 
spaces of type IIA and type IIB theories compactified on mirror Calabi-Yaus coincide. Due 
to the factorization (11.261) . this implies that 

M$Sm = AO?)), aC B m = Ml£(%). (1.27) 

As a result, one can find the prepotential in type IIA from the known exact prepotential in 
the type IIB formulation. The result is given by the following expression [131 EE 



F(X)- k XlX3Xk I l A WW | Y C(3)(Y°) 2 (Y°) 2 v ( ) u ( p ^ iX yx°\ 

(1.28) 

It consists of four contributions. The first term is the cubic prepotential (1I.15j) which ap- 
peared in the analysis of Kahler deformations of Calabi-Yau. The second quadratic term is 
determined by a real symmetric matrix Ajj and is usually omitted since it does not affect 
the Kahler potential. However, as we will see in section rvTTj it turns out to be crucial for 
non-perturbative mirror symmetry. Therefore, we include it from the very beginning. The 
remaining two terms represent a'-corrections and thus they are stringy effects which cannot 
be obtained by the Kaluza-Klein reduction. In particular, the third term is the only pertur- 
bative a'-correction, determined by the Euler characteristic of the Calabi-Yau, whereas the 
last term gives a contribution of worldsheet instantons, which are exponentially suppressed 
in a'. In this term the sum goes over effective divisors belonging to the second homology 
group, the trilogarithm Li^(x) = ^^ =1 x n /n 3 encodes multi-covering effects, and are the 
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genus zero Gopakumar-Vafa invariants. It is useful to note that viewing £(3) as Lia(l), one 
can include the one-loop correction into the sum by defining = —xsq/2- 

Anyway, one concludes that the holomorphic prepotential is generically known, being 
determined in terms of some topological invariants of the Calabi-Yau threefold, and therefore 
the vector multiplet sector is completely under control. 

On the other hand, the situation in the hypermultiplet sector is much more complicated. 
The difficulty is twofold. First, A^hm is a quaternion-Kahler manifold. This is a more 
complicated type of geometry than special Kahler. The main problem with QK manifolds 
is how to parametrize their metrics. In the special Kahler case this is done through the 
holomorphic prepotential, but in the QK case there is no single function playing the role of 
such prepotential. We will show below that this problem is solved by using a certain twistor 
space construction which provides us with a set of holomorphic functions generalizing the 
prepotential of the special Kahler geometry. 

The second difficulty is that, contrary to A^vm, 9ap(q) receives all possible ^-corrections, 
both perturbative and non-perturbative [15]. The later are especially complicated since 
the rules of the string instanton calculus are not established so that the straightforward 
microscopic calculation cannot be performed. As a result, we need to use other methods to 
find these corrections such as various symmetries and dualities existing in string theory. 

As a result, the exact non-perturbative metric on the hypermultiplet moduli space, and 
therefore the low energy effective action, remains so far unknown. This metric will be the 
central object of our interest and our main purpose will be to describe the progress which 
has been achieved in the description of the non-perturbative geometry of A^hm- 

2 Hypermultiplet moduli space 
2.1 Symmetries and dualities 

Before we give explicit expressions for the classical metric on the hypermultiplet moduli space 
and its quantum corrections, it is important to understand the general symmetry properties 
of Mem- 111 the absence of explicit microscopic calculations, these symmetries are actually 
the only tool to access the quantum corrected metric. To help the reader, we summarize 
in Table 11.31 the field content of the hypermultiplet moduli spaces in type IIA and type IIB 
theories. 





NS-NS 


R-R 




complex structure/Kahler 
deformations of 2) 


dilaton 


NS-axion 


periods of p-form 
gauge potentials 


Type IIA 







a 


C A Ca 


Type IIB 


v i = V + if 






c u d Ci c 



Table 1.3: Coordinates on A^hm and their physical origin. 
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Symplectic invariance 

In the type IIA formulation the four- dimensional fields are defined with respect to a 
basis of 3-cycles, (.A A , £>a). However, there is no canonical choice for such a basis. One 
can apply to it a symplectic transformation O G Sp(2h 2,1 + 2, Z) 



O = ( *\ ^ (I ^ (iA , d.29) 



where a, b, c and d are integer valued (h 2,1 + 1) x (h 2,1 + 1) matrices obeying 

a T c - c T a = b T d - d T b = 0, 

(1.30) 

a T d - c T b = 1, 

and the new basis will still satisfy all required properties. Such transformation of the 
basis of 3-cycles induces a symplectic transformation of the four- dimensional fields. 
In particular (£ A , £a) form a symplectic vector, <p and a are invariant, whereas the 
transformation of z a is induced by the symplectic transformation of the vector (X A , F\) 
built from the homogeneous coordinates and the prepotential. Since physics should 
not depend on the choice of the basis, the compactified theory, and the metric on A-^hm 
in particular, should be invariant under this symplectic symmetry. 

SL(2,Z) duality 

On the other hand, the type IIB string theory is known to be invariant under S-duality 
|16j . which is in fact generalized to SX(2,R) symmetry of the supergravity action 
( 1I.19P [T7JHE]. After compactification on a Calabi-Yau, this ten-dimensional symmetry 
descends to a symmetry of the four- dimensional effective theory. Whereas in the large 
volume, small string coupling limit one still has the continuous SL(2,M) symmetry 
group, one expects that it becomes broken to SL(2, Z) by a' and g s corrections. This 
symmetry plays an extremely important role in our approach. However, we postpone 
the discussion of its action on the physical fields till chapter |V] because understanding 
the correct transformation laws requires a thorough analysis of various subtle issues. 

Heisenberg symmetry 

Since the scalars in the last two columns of Table [L3] appear as periods or duals of 
various gauge fields, the moduli space should inherit a remnant of the gauge symmetries 
of the original ten- dimensional theory. As a result, A^hm turns out to be invariant 
under the so called Peccei-Quinn symmetries which act as certain shifts of the RR- 
fields and the NS-axion [19]. Their action is most easily described in the type IIA 
formulation where they form the Heisenberg algebra: 

T H , K : (C A , Ca, a) i y (C A + rA Ca + fj A , a + 2k - f] A ( A + ^Ca) , (1.31) 
so that 

where H = (r] A ,f)jC) and we introduced a symplectic invariant scalar product 

(H,H')=?)W A -VaV A (1-33) 
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At the perturbative level, the parameters (r/ A , fj\, k) can take any real value. However, 
as we will discuss below, instanton corrections break these symmetries to a discrete 
subgroup with (r/ A ,f/ A ) G if 3 (2),Z), ftfZ. 

Monodromy invar iance 

There is another Peccei-Quinn symmetry which is not contained in the Heisenberg 
group (II.31j) . Its origin is clear in the type IIB formulation where A^hm includes the 



fields b 1 originating from the 2-form B2 and therefore inheriting the corresponding gauge 
symmetry. As usual, the symmetry acts by shifting these fields, but also affecting some 
other fields. However, in contrast to the Heisenberg transformations, it is a continuous 
symmetry only in the large volume limit, or the large complex structure limit in type 
IIA. Upon including any quantum or a' corrections, it is broken to a discrete subgroup 
and it is interpreted as monodromy invariance around the large volume point in Kk- 
The latter is in fact a particular subset of symplectic transformations. Nevertheless, it 
is worth to consider it on its own because on the type IIB side the general symplectic 
invariance is not explicit. We will return to this symmetry when we consider the type 
IIB formulation in more detail in chapter |V] 

Mirror symmetry 

Finally, as we already know, mirror symmetry identifies the moduli space in type IIA 
(type IIB) theory with the moduli space in type IIB (resp. type IIA) compactified 
on the mirror Calabi-Yau ( jL27j) . This implies that, upon correct identification of the 



coordinates, the metrics on the moduli space in the two formulations must be identical. 
As a result, all symmetries which have been observed in one formulation, should also 
be present in the other one. However, being rewritten in the new coordinates, they 
may become hidden and are not easy to deal with. Thus, each symmetry is naturally 
associated with one of the two formulations. For example, the type IIA formulation 
is adapted to symplectic invariance, whereas the type IIB formulation is suited for 
SL(2, Z) duality. On the other hand, mirror symmetry allows to pass from one to 
another. 



2.2 Tree level metric and c-map 

From Table lL3l it follows that A^hm always contains fields parameterizing either Kc or JCk 
depending on whether we are considering type IIA or type IIB formulation, respectively. 
Therefore, one can expect that the metric on A-^hm restricted to these subspaces coincides 
with the corresponding special Kahler metric determined by a holomorphic prepotential. In 
fact, it turns out that at the string tree level the full metric on A-^hm is determined by the 
prepotential governing the vector multiplets. Such a map from a special Kahler metric to a 
quaternion-Kahler metric is known as c-map. 

The existence of the c-map is not accidental but has a concrete physical explanation. 
It relies on compactification to three dimensions and the use of T-duality. Namely, let us 
consider a compactification of type IIA and type IIB theories on the same Calabi-Yau times 
a circle S 1 . The T-duality along the circle relates the two theories so that 

IIA/ (2) x S# * IIB/ (2) x Sl /R ) . (1.34) 



18 



2 Hypermultiplet moduli space 



On the other hand, their low energy descriptions can be obtained by compactifying the 
four- dimensional effective theories from the previous section on the circle S l . Upon such 
compactification, each gauge field gives rise to two massless scalars in three dimensions: 
one comes from the component of the four- dimensional gauge field along the circle and 
the second appears by dualizing the remaining three-dimensional vector field. As a result, 
all vector multiplets in four dimensions descend to hypermultiplets in three dimensions. 
Moreover, one additional hypermultiplet arises from the metric. The corresponding part of 
the effective action is given by a non-linear cx-model with a quaternion-Kahler target space. 
Thus, in both type IIA and type IIB cases, the full moduli space in three dimensions is given 
by a product of two QK manifolds 

M 3d = Qc($) x Q K (%) (1.35) 

which are extensions of the complex structure and complexified Kahler moduli spaces of 
the Calabi-Yau, respectively. One of the factors in (II.35P corresponds to the HM moduli 
space A^hm of the four- dimensional theory and the other one comes from the vector and 
gravitational multiplets in the way just described. The T-duality ( 1I.34|) simply exchanges 
the two factors. 

This shows that A^hm i n type HA (resp. type IIB) theory can be obtained by compact- 
ifying the vector multiplet sector in type IIB (resp. type IIA) compactified on the same 
Calabi-Yau. At the classical level one ignores the instanton contributions related to winding 
modes along the compactification circle (see below section [3]) and the simple Kaluza-Klein 
reduction is sufficient to get the metric on A^^f from the metric on A^y(f . This explains 
why both of them are described by the same holomorphic prepotential. 

To present the result of this c-map procedure, we restrict ourselves to the type IIA 
formulation. To get the corresponding result in type IIB theory, it is enough to apply mirror 
symmetry. However, we will not touch this second formulation till chapter |Vj In the type 
IIA case, in the coordinates given in Table II.3t the metric reads as follows [HI I2Q] 

ds^ee = - 2 dr 2 - 1 ( ImA) AE (dC A - A4 A ,dC A ') (dfe - A/- SE ,dC E ') 

HM r 2r V M 3 (1.36) 

+ 16r2 ( da + ^ " + 4/C ^ ad ^' 

where we introduced a convenient notation for the dilaton r = ~ which encodes 

also the effective string coupling in four dimensions. 

2.3 Quantum corrections 

String theory produces two types of corrections to the results obtained by the Kaluza- 
Klein compactification: a' and (^-corrections which may be both perturbative and non- 
perturbative. a'-corrections appear together with the volume of the Calabi-Yau and there- 
fore they affect only the sector comprising the moduli t l . This is the reason why in the 
vector multiplet sector only the holomorphic prepotential of type IIA formulation gets these 
corrections. Due to the c-map, in the hypermultiplet sector the situation in reversed: the 
moduli space metric is a'-exact in type IIA and receives corrections in type IIB. Due to 
mirror symmetry, both cases are described by the same metric determined completely by 
the prepotential and given in f ]I.36|) . 
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However, this metric is valid only at tree level of string perturbation theory and further 
affected by ^-corrections. The string coupling arises from the dilaton. It is always a part 
of the hypermultiplet sector and this is why A^hm gets ^-corrections whereas M.\m is tree 
level exact. Let us make an account of these corrections and their general properties: 

• Perturbative corrections 

Perturbative ^-corrections come from string loop diagrams. It is clear that they should 
represent an expansion in powers of the dilaton, which is the counting parameter of the 
string loop expansion. Besides, they should preserve the continuous Heisenberg sym- 
metry (11.311) and be consistent with the known results from string loop computations 

• Non-perturbative corrections 

Non-perturbative corrections are always associated with instanton effects. In our case 
all relevant instantons have a geometric interpretation and can be viewed as Euclidean 
branes wrapping non-trivial cycles of Calabi-Yau so that they appear as point-like 
objects from the four- dimensional point of view. In string theory there are two types 
of branes which give such contributions: 

— D-brane instantons 

First, these are Dp-branes of string theory with p even in type IIA and p odd in 
type IIB. They have p + 1 dimensional world-volumes and therefore are expected 
to wrap the cycles of the corresponding dimension. But since any Calabi-Yau 
does not have non-trivial 1- and 5-dimensional cycles, on the type IIA side only 
D2-branes wrapping non-trivial 3-dimensional cycles of 2) can give non- vanishing 
contributions to the hypermultiplet metric. Such D2-branes are labeled by a 
charge vector 7 = (p A , q\) indicating the cycle wrapped by the brane, q A A A + 
p A B\. Due to this, the branes with vanishing p A wrap only A-cycles and can be 
called A-D2-branes. It is known that mirror symmetry maps them to D(-l) and 
Dl-branes on the type IIB side. Similarly, B-D2-branes having non-vanishing p A 
are mapped to D3 and D5 branes. 

On general ground it is known that the D-instanton corrections have the following 
form [15] 

Sds 2 \ D2 ~ e -2^l/s s -2^AC A -P A CO ( L37 ) 

where (z° = 1) 

Z 7 {z) = q A z A -p A F A (z) (1.38) 

is the central charge function determined by the charge vector. This function gives 
the "strength" of the instanton, whereas the imaginary terms are the so called 
axionic couplings which show that the RR-fields are similar to the theta-angle in 
QCD. In particular, these couplings are responsible for breaking the continuous 
Heisenberg symmetry (11.311) to a discrete subgroup, except the last isometry along 
a. A similar picture arises on the type IIB side where the role of the angles is 
played by the RR-fields c°,c\ Ci and Co and the charge vector 7 should be replaced 
by a charge characterizing a D5-D3-D1-D(-1) bound state. 
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NS5-brane instantons 

The second type of branes is provided by the so called NS5-branes, magnetic dual 
to fundamental strings, which have 6-dimensional world- volume and therefore can 
wrap the whole Calabi-Yau. Again it is known on general ground that NS5-brane 
contributions behave as [15] 



where V is the Calabi-Yau volume. Thus, they are exponentially suppressed 
comparing to D-instantons and characterized by a coupling to the NS-axion a. 
This last fact leads to breaking the last remaining continuous symmetry from 
the Heisenberg group generated by K-shifts in f ]I.31j) . As a result, the full non- 



perturbative HM moduli space does not have any continuous isometries, but only 
a set of discrete ones which have been presented in section 12.11 



2.4 Where we are 



Until a few years ago, the tree level metric (II.36j) and the general properties of quantum 



corrections reviewed above exhausted all our knowledge about the HM moduli space. But 
last years marked a remarkable progress in this direction. It was initiated by the work 
[23] . further elaborated in [24] , where the c-map was formulated in terms of a projective 
superspace [23 123 |27]. This description of QK geometry allows to encode its metric in 
a holomorphic function, projective superspace Lagrangian, and is closely related to the 
twistor space approach which we develop below. But it works only in the case when the QK 
space has a sufficient number of commuting isometries and therefore has a restricted area of 
applicability. Nevertheless, this established a framework for studying quantum corrections 
and the first new result obtained in this way was the 1-loop contribution to the superspace 
Lagrangian [28J. Then the one- loop corrected metric has been explicitly calculated in [21?] 
performing a superconformal quotient [30]. Moreover, it is believed now that this is the 
only perturbative correction and all higher loop contributions can be removed by a field 
redefinition. 

Furthermore, there is a procedure, suggested in [31] and shown in Fig. II. 1] which allows, 
at least in principle, to restore all missing non-perturbative contributions by using SL(2, Z)- 
duality, symplectic invariance and mirror symmetry. In this duality chain, one can start 
even from the vector multiplet moduli space which in the type IIB formulation does not 
receive any corrections. As we already mentioned several times, the a'-corrected metric on 
A^vm on the type IIA side can be obtained via mirror symmetry. Through the c-map it 
gives rise to the tree level HM metric in type IIB, which should be amended by the one- 
loop correction discussed just above. This correction together with a'-contributions break 
the SL(2,M.) invariance of the classical metric. Enforcing its discrete version, SX(2,Z), 
one obtains contributions due to Dl-D(-l)-instantons which are mirror symmetric to A-D2- 
instantons on the type IIA side. All D2-brane contributions can be restored by symplectic 
transformations and are mapped by repeated action of mirror symmetry to D3- and D5- 
brane instantons on the type IIB side. Another application of S-duality then gives rise to 
NS5-brane and D5-NS5 bound state instantons. Finally, applying mirror symmetry one last 
time produces the NS5-brane corrections in the type IIA formulation. 
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Hypermultiplet sector A^hm 
HA / 2) IIB / 2) 



Vector multiplet sector A^vm 
IIA / 2J IIB / 2) 



mirror 

{1£, D2, NS5} — {«', D(-l), Dl, D3, D5, NS5] 

SX(2,Z) 

mirror 

A-D2, B-D2} ► {«', D(-l), Dl, D3, D5} 



e/m duality 



{U, A-D2} . mirr ° r {«', D(-l), Dl} 



SL{2,Z) 
{a', 11} -« — 



c-map mirror r , 

W\ ~* {-} 



Fig. 1.1: Prospective duality chain for determining the quantum corrected low energy 
effective action of type II strings compactified on a generic Calabi-Yau 2) and its mirror 
partner 2) [31]. 



Where are we now on this route to the full non-perturbative description of the HM moduli 
space? As described below, now we have control over all D-instanton corrections in the type 
IIA formulation. Moreover, on the type IIB side we have a complete description of D(-l)- 
Dl-instantons and D3-D5 and NS5-brane contributions in the one-instanton approximation. 
Although these results have been obtained by following the path presented in Fig. II. lH we 
will not repeat it in detail. Instead, in chapter |IV]we will jump immediately to the description 
of D2-instantons on the type IIA side and present the final construction. Before that however 
we will have to develop necessary mathematical tools (chapter [TTJ) and to reformulate the 
perturbative metric using this new framework (chapter IHIj) . 



3 Compactified gauge theory 

Let us recall that T-duality in three dimensions fll.34p relates type IIA and type IIB theories, 
compactified on the same Calabi-Yau and on circles of opposite radii, exchanging the moduli 
spaces coming from HM and VM sectors of the four-dimensional effective theory. Since this 
duality is expected to hold at the non-perturbative level, the HM moduli space we considered 
in the previous section can be realized also via circle compactifications of the vector multiplet 
sector 

Mitt®) = M$£ 00 x Sl /R ) ~ aC b (2J x S l R ). (1.40) 

The quantum corrections to A^hm are then mapped to the loop corrections from the Kaluza- 
Klein states and to the non-perturbative corrections due to four- dimensional BPS black holes 
with NUT charge k whose world-line winds around the compactification circle. 

5 The first step up towards non-perturbative contributions has been done in |32j . mirror symmetry has been 
applied in |31j , then all D-brane instantons have been included in [331 134] , and one-instanton contributions 
due to NS5-branes have been found in [35l. 
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Although this reinterpretation does not help in finding the non-perturbative description 
of A^hm; it provides a simplified version of our story which can be obtained in the limit 
where gravity is decoupled and one remains with a A = 2 supersymmetric gauge theory. 
In four dimensions, in the low energy limit such a theory is described by a set of vector 
multiplets which comprise U(l) gauge fields and complex scalars. Here we are concentrated 
on the Coulomb branch of the moduli space where the scalars acquire vacuum expectation 
values z 1 and the initial (non-abelian) gauge group is broken to U(l) r with r being the rank 
of the gauge group and giving the number of the vector multiplets. 

The complex scalars span a moduli space M.\ d which carries a special Kahler metric of 
rigid type determining the low energy action. Such metric, as in the usual special Kahler 
case, is defined by a holomorphic prepotential. But instead of ( II. 5|) . its Kahler potential is 
given by 

K = -21m (^Friz)) . (1.41) 
Then the bosonic part of the effective action reads as 



S 4d = —J - Im Fjj (dz 1 A *dz J + T 1 A *F J ) + Re F u T 1 A T J . (1.42) 

Thus, as in the case of vector multiplets in A = 2 supergravity, the low energy theory is 
completely determined by the prepotential, which in this case is provided by the Seiberg- 
Witten solution [37] . 

However, we are interested really in a compactification of such theory on a circle of 
radius R [38]. Upon compactification, the vector multiplets give rise to the same number of 
hypermultiplets and the low energy effective action is given by a non-linear u-model with 
a hyperkahler target space A4f d , which is another type of quaternionic geometries to be 
described in the next chapter. This is a gauge theory analogue of the statement about the 
HM moduli space in string theory. 

The space Aif d is parameterized by complex scalars z 1 and by Wilson lines of the gauge 
potential around the circle, which have "electric" ( ! and "magnetic" components £/ and are 
all periodic. The perturbative metric on Aif d follows from the simple 3d truncation of the 
4d vector multiplet Lagrangian (11.420 and thus is completely defined by the holomorphic 
prepotential F(z). This construction is known as rigid c-map [11]. However, this metric 
gets instanton contributions from the massive spectrum due to BPS particles going around 
the compactification circle. For large compactification radius R these contributions are 
exponentially suppressed since for a particle of charge 7 = (q^p 1 ) they are weighted by 
e -2TrR\Zj\ w h ere is the same central charge function as in ( 11.381) giving the mass of the 
BPS particle. 

These instanton corrections look exactly the same as D-instanton corrections to A^hm- 
Therefore, one may expect that the D-instanton corrected HM moduli space appearing in 
Calabi-Yau compactifications of type II string theory and the exact moduli space of a 4d 
A = 2 gauge theory compactified on a circle have similar descriptions. We will see below 
that these expectations turn out to be correct and indeed, without NS5-brane instantons, 
the constructions of A^hm and A^ in the framework of the twistor approach look almost 
identical. The NS5-brane corrections however are a distinguishing feature of string theory, 
which does not have an analogue in supersymmetric gauge theories. In a sense their presence 
marks the difference between QK and HK spaces and why the former are more complicated 
than the latter. 
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Chapter II 

Twistor approach to quaternionic 

geometries 

In the previous chapter we encountered two types of quaternionic geometries: hyperkahler 
and quaternion-Kahler spaces. The former are relevant for supersymmetric gauge theories 
and the latter appear in Calabi-Yau compactifications of type II string theory. The typical 
problem which one needs to solve in this context is to find a quantum corrected metric on 
the quaternionic space in question. On the other hand, it is hopeless to try to find quantum 
corrections in a gauge or string theory directly to the components of the metric. Therefore, 
we need to understand how such spaces can be conveniently parametrized and in the best case 
to find an analogue of the holomorphic prepotential of the special Kahler geometry, which 
would incorporate quantum corrections in an easy way. This problem has been addressed in 
[39| 14*0] and here we present the resulting construction. 



1 HK spaces 

1.1 Twistorial construction 

A hyperkahler manifold ^ of dimension 4n is defined as a Riemannian manifold whose 
holonomy group is contained in Sp(n). ^ is a particular case of Kahler manifold and moreover 
it is Ricci-flat. In fact, 8. admits a two-parameter family of integrable complex structures 
with respect to which the metric is Kahler 

j( t , t) = J 3 + l±i J 2 + il^l J\ t G CUoo = CP 1 , (III) 

v ' ; 1 + tt 1 + tt 1 + tt ' ' y ' 

where J 1 , i = 1,2,3, are three distinct complex structures which satisfy the algebra of 
quaternions 

f jj = £ ijkjk _ 6 ij ( IL2 ) 

and thus define the quaternionic structure of the HK manifold. If u % are Kahler forms for the 
complex structures J 1 and a; ± = — \{uj 1 =F i^ 2 ), the Kahler form for the complex structure 
(IH.lj) can be written as 

u(t, t) = ((1 - tt)w 3 - 2itw + + 2ituT) . (II.3) 

1 ~\~ XX) 
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It is natural to consider the direct product Z& = & x CP 1 where the second factor is 
associated to the sphere of complex structures. It is known as the twistor space of &. It is 
a Kahler manifold with the Kahler form (111.31) degenerate along the CP 1 direction dt and 
with the complex structure given by J(t, t) on the base & and by the standard CP 1 complex 
structure on the fiber. 

It turns out that this twistor space carries two additional structures which allow to encode 
the geometry of ^ in a very convenient way. The first is given by a holomorphic 2-form Q 
which defines a holomorphic symplectic structure on each fiber of the holomorphic bundle 
7r : Z% — > CP 1 . At finite t it can be expressed through u % as follows 

Q(t) = co + - itcu 3 + t 2 uj- . (II.4) 

Since u + is holomorphic in the complex structure J 3 , the first two coefficients of the expansion 
of Q around t = allow to read off both, the holomorphic coordinates and the Kahler (1,1)- 
form. Together they are sufficient to reproduce the metric on .ft. 

The second additional structure provides a real structure on It is defined as a 

combined action of the complex conjugation and the antipodal map on CP 1 , r[t] = — 1/t, 
and it must be compatible with all other structures of the twistor space. In particular, it 
should preserve the holomorphic 2-form Q up to a t-dependent holomorphic factor. It is easy 
to see that the expression flll.4p satisfies this requirement. 

Taken altogether, the holomorphic symplectic structure on the fibers and the real struc- 
ture turn out to be sufficient to ensure that Zr is the twistor space of a hyperkahler mani- 
fold. Thus, the problem of parametrization of HK manifolds can be reformulated as a similar 
problem for their twistor spaces where it reduces to a characterization of consistent pairs of 
symplectic and real structures [26] . 

1.2 Holomorphic Darboux coordinates and transition functions 

Let us first concentrate on the holomorphic symplectic structure represented by the holomor- 
phic 2-form Q. More precisely, Q appears to be a section of the (9(2)-twisted holomorphic 
vector bundle A 2 T F (2) where Tp = Ker(d7r) is the tangent bundle along the fibers of tt. A 
trivial extension of the Darboux theorem ensures that locally it is always possible to choose 
holomorphic coordinates uL , $ plus the coordinate on the fiber t where this section is given 

by 

fiW = di^|Ad^ ] , (II.5) 

with I = 0, 1, . . . , n — 1 and An = dim^R. It is important however that this can be done 
only locally, which is indicated by the index W enumerating different open patches lAi where 
(III.5j) is valid. Extending (1II.5j) out of the patch, the coordinates will eventually develop 
a singularity and thus cannot be globally defined. Therefore, in general, one has to cover 
the twistor space by such patches and in each patch to choose the appropriate Darboux 
coordinates. 

To ensure consistency with the real structure on Z&, it will be convenient to appropriately 
adapt the covering. To this end, we assume that the antipodal map preserves the covering 
and the image of tli is another patch W T . Then the compatibility of the symplectic and real 
structures can be formulated as the following reality constraint 

7p*I) = fi [T] (II.6) 
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so that the Darboux coordinates may be chosen to satisfy similar relations, all with sign 
plus, under the combined action of the complex conjugation and the antipodal map. 

Of course, on the overlap of two patches lAi fl Uj the two coordinate systems should be 
related by a transformation, which is not however arbitrary but preserves the holomorphic 
2-form up to a t-dependent factor 

= f2 m()d dt (j L7 ) 

Here fij are transition functions of the 0(1) bundle on CP 1 which are described in detail in 
[55] . In particular, they satisfy 

fi j f j k = f ik , /« = i, </f) = /|, (n.8) 

and the transition function between the two poles of CP 1 explicitly reads as /ooo = t. Their 
appearance in (III7P is related to the fact that Q is an 0(2)-twisted section. 

The condition ( \ll.7\i implies that the local Darboux coordinates are related by ((9(2)- 
twisted) symplectic transformations. Such transformations are generated by holomorphic 
functions on which we call transition functions. To write them explicitly, it is convenient 
to change variables and to work with rjL = (it) -1 /^ 1 ^] instead of uL, where the index o refers 

to some fixed patch Uq which we choose to be the one around the north pole t = 0. This 
allows to avoid the factor in the most equations. Then, taking transition functions to be 
functions of the initial "position" and the final "momentum" coordinates, H^(rj[{\, fj^\ t), 
the gluing conditions look as follows 

is\ = ia - d ,f Hm > $ = $ + % hM ■ ( IL9 ) 

It should be clear that the transition functions are not completely arbitrary, but must 
satisfy various compatibility conditions. Their exact form can be found in [39] , whereas here 
we just briefly mention what they require: 

• must be a generating function of the inverse of the symplectomorphism generated 
by which implies they are related by a Legendre transform; 

• symplectomorphisms between different couples of patches should compose properly so 
that on the overlap of three patches lAi (lUj C\Uk, the transformation generated by 
must be the same as a composition of the transformations generated by and 

• to be consistent with the reality conditions on Darboux coordinates in all patches, the 
transition functions must satisfy 

t{HM) = (11.10) 

Besides, it is important to remember that the Darboux coordinates, and hence the transition 
functions, are not uniquely defined. In each patch it is still possible to perform a local 
symplectomorphism generated by a regular holomorphic function G^(rju], fjfi, t). Such a 
gauge transformation will affect all transition functions related to this patch by a regular 
contribution. 

The transition functions are the main object of our interest because it is these functions 
that play the role of the prepotentials we were looking for. In particular, they will be used to 
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encode quantum corrections to the moduli space metrics. These transition functions contain 
all geometric information about the initial HK and its twistor spaces. In other words, if one 
gives a covering of the twistor space and the associated system of transition functions, then 
it is possible (at least in principle) to extract the metric from this information. 

To achieve this goal, the first step is to find the Darboux coordinates as functions of the 
fiber coordinate t and coordinates q a on the base. Such solutions, called twistor lines, can 
be found from the gluing conditions (111.91) . Then substituting them into ( 111.51) for and 
expanding in t, the constraints of HK geometry ensure that the expansion takes the form 
(111.4j) . From the first two coefficients one extracts the complex structure and the Kahler 
form so that the metric can be easily found. 

Of course, the most difficult problem on this way is to solve the gluing conditions. Their 
discrete form is not very convenient for this purpose. Instead they can be rewritten in an 
integral form [33J 

1 r df fit (IL11) 

Pn '^ w 2 ^ J c . 271-it' t' - 1 H v; 

3 ° J 

where t G W,, which is the projection of Uj on CP 1 , Cj is a contour surrounding Uj in the 
counterclockwise direction, whereas complex u 1 and real x 1 , Qi are free parameters playing 
the role of coordinates on the base HK manifold The sum in (III. Ill) goes over all patches 
including those which do not intersect with Ui. In that case the transition functions are 
defined by the cocycle condition and by analytic continuation. 

In terms of solutions of these equations, it is possible to give an explicit formula for 
the Kahler potential in the complex structure J 3 , which can be expressed as an integral of 
transition functions [HI [34] 




(11.12) 



In this complex structure the holomorphic coordinates on .ft are given by the coefficients of 
the leading terms in the small t expansion of r]L and /if and therefore coincide with 

u 1 and WI = ~ /iVo = i ej + JLW ^ d v( H^. (11.13) 

7 



1.3 0(2) HK manifolds and their deformations 

The construction presented above becomes particularly simple and explicit in the case of 
0(2) HK manifolds where it coincides with the projective superspace approach. In this case 
the twistor space Z& is supposed to have n global 0(2) sections which may be identified with 
the Darboux coordinates v 1 . The fact that they are globally well defined implies that the 
corresponding sections rf are the same in all patches. This is possible only if the transition 
functions do not depend on the conjugate coordinates /Xj what ensures that the HK 
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space has n commuting isometries. Taking into account this independence in ( III. lip , one 
immediately finds tliato 

n 7 (t,g Q ) = x 7 + t~ V - tw 7 . (11.14) 

At the same time, the r.h.s. of the equation determining /Jfi becomes independent of them 
and thus represents an explicit formula for these coordinates, and not an equation to be 
solved. 

The independence of the transition functions on a half of coordinates simplifies many 
equations. For example, the consistency conditions spelled above eq. (jll.lOp and the gauge 
transformations generated by regular functions are written as 

H m = -H^\ H [ik] + H [kj] = H [ll \ H [ij] H- H [il] + G [i] - G ll] . (11.15) 

Besides, the formula for the Kahler potential fill. 1 2[) can be interpreted as a Legendre trans- 
form of the following Lagrangian j25[ l2Sj 



4tt ^ J c t 

3 JC i 

with respect to the coordinates x 1 

K&(u, u, w, w) = (£(u 7 , u 1 , x 1 ) — x\wi + wi)) x i. (H-17) 

This formula clearly shows that the Kahler potential and the metric do not depend on the 
coordinates \qj = wj — wj so that d ei provide the set of commuting Killing vectors on ^. 
Assume now that our transition functions can be represented as 

HM( m ,vfl,t) = H^( m ,t) + H\f( m ,^\t), (11.18) 

where Hffl is considered as a perturbation around HMk Then one can try to find the metric 
on ^ by a perturbative expansion in powers of Hl[y. The equations (III. lip determining 
the holomorphic Darboux coordinates are particularly suited for such perturbative analysis. 
Indeed, as was noted above, in the leading approximation the coordinates rjL are globally well 

defined and given in (111.14p . whereas $ are obtained by integrating d v iHj$(r),t). Then at 
the nth order of perturbative expansion, one first finds rjL by evaluating if™ on the Darboux 

coordinates found at the previous step and gets $ afterwards by substituting n^ at nth 

order and /if at (n — l)th order in the r.h.s. of (III. 111) . 

The linear approximation has been considered in detail in [39]. In particular, it has 
been shown that the Kahler potential is given by the same Legendre transform as in (III. 171) 
where the Lagrangian is defined by the full perturbed transition functions. As a result, it 
becomes ^/-dependent and there are no isometries anymore. The linear deformation of the 
Kahler potential is provided by the Penrose transform of the perturbing transition functions 
evaluated on the unperturbed Darboux coordinates 

K (1) (u,u,w,w) = ^W jH$g\ri,ifl,t). (11.19) 



1 In [39] also the case of n 0(2k) global sections has been described in this formalism. The corresponding 
transition functions are again /i/-indcpcndcnt and the expansion of the Darboux coordinates comprise 
then 2k + 1 terms generalizing pi.l4[) . However, for k > 1 the integral representation ([II. lip is not the 
convenient starting point and should be appropriately modified. Here we restrict to the case k = 1 due to 
its relevance for the physical applications. 



28 



jl HK spaces 



1/0 



-* 4 



V V* 



2 » • 3 



* 

Fig. II. 1: Logarithmic branch cuts and integration contours. The solid black line represents 
the branch cut of /^°l(t), and the semi-dotted red lines are the branch cuts of H^- 0+ ^. On the 
left, the dotted line is an initial contour used to derive the integral representation ( III. lip . On 
the right, the dotted line is the final figure-eight contour along which one integrates log rj. 
The part of the contour between points 2 and 4 lies on a different Riemann sheet of the 
logarithm. 



1.4 Branch cuts and open contours 

So far we implicitly assumed that the singularities, developed by the Darboux coordinates 
and canceled by transition functions going from one patch to another, are of the pole type. 
The presence of branch cuts introduces additional complications. If a branch cut does not 
belong to one patch, but goes through several patches, in the formulas like ( III. lip one 
cannot use the usual contours Cj because they are not closed anymore being split by the cut. 
Fortunately, in [39] it has been shown that the mutual compatibility of transition functions 
ensures that one can always reconnect the contours in such a way they the standard integral 
formulas as (III. lip are still valid. The new feature which arises here is that the transition 
functions having branch cuts may be integrated along more complicated contours than just 
the ones surrounding the patches. What is important however is that these contours appear 
to be always closed. 

A typical example is provided by the figure-eight contour encircling two logarithmic 
singularities. It appears, for example, in the situation when there are two transition functions 
having a similar logarithmic term 



H [0±] = ±c\ogri, 



(11.20) 



where IA± are the patches surrounding the roots t = (± of 77(f) = 0. In this case a combination 
of two (non-closed) contours C + and C_ can be reconnected to the figure-eight contour as 
shown on Fig. III. II 

A very important remark is that the transition functions with branch cuts allow an 
effective description in terms of open contours. Namely, it is clear that the contribution of 
an integral of a singular transition function around its branch cut, up to possible residues at 
the end points, can be equally obtained by integrating its discontinuity along the cut. The 
same is true for the figure-eight contours with the difference that the integral goes now along 
a contour joining two branch singularities and representing a cut of a Darboux coordinate. 
(In the above example, this is the line joining (±. Note that the cuts of Darboux coordinates 
and transition functions do not necessarily coincide.) Therefore, instead of working with 
singular transition functions and the corresponding complicated contours, one can describe 
their effect on Darboux coordinates by their discontinuities associated to open contours. 
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Geometrically this result is obtained by shrinking the patches surrounding the branch 
points (U± in the above example) along a line, say £, joining them. This allows to extend the 
Darboux coordinates from the bounding patches till £, whereas the shrunken patches reduce 
just to small discs around the end points of I and may be even completely removed if the end 
points do not produce any residue contributions. However, the analytical continuations from 
the left and right of I do not match, but differ by the discontinuity of the initial singular 
transition function across the branch cut (more precisely, its appropriate derivative). The 
same effect is ensured by adding to the integral representation (III lip a line integral along I 
of the above discontinuity. 

Thus, instead of assigning a set of open patches and transition functions, a HK manifold 
can be characterized by providing a set of (closed or open) contours on CP 1 and a set of 
associated holomorphic functions H™. We will see that most of the instanton corrections 
to the gauge and string moduli spaces are introduced precisely in this way being associated 
with open contours. 

2 QK spaces 

2.1 HKC construction and twistor space 

Now we pass to the more complicated case of QK spaces appearing in supergravity [12] • A 
QK manifold Q is a 4n-dimensional Riemannian manifold whose holonomy group is contained 
in Sp(n) x SU(2). Similarly to HK spaces, it carries a quaternionic structure represented 
by a triple of almost complex structures J 1 satisfying the algebra (1II.2p . These J 1 give rise 
to the quaternionic two-forms C3q(X, Y) = qq(JX,Y), which are covariantly closed with 
respect to the SU(2) part p of the Levi-Civita connection and proportional to the curvature 
of p, 

dujQ + p x Q Q = 0, dp+ -p x p = -u Q , (11.21) 

where the proportionality coefficient is related to the Ricci scalar curvature as R = 4n(n+2)u. 
In the limit of vanishing v the quaternion-Kahler geometry becomes hyperkahler. We are 
mainly interested in the case of negative curvature. 

A more complicated nature of the QK geometry compared to the HK one can be seen 
from the fact that the former is not even Kahler (so that the name is somewhat misleading). 
As a result, we do not have at our disposal such quantities like Kahler potential which can 
be used to derive the metric in a simple way. Fortunately, to each QK manifold one can 
associate in a canonical way a HK space &q with some additional properties. It is called 
hyperkahler cone (HKC) or Swann bundle [13] and appears as a C 2 /Z2 bundle over Q. In 
the physical parlance, when the HKC space is realized as the target space of an N = 2 
supersymmetric cr-model [30], the additional properties or, more precisely, restrictions can 
be interpreted as conditions of superconformal symmetry. This implies that there is a scaling 
symmetry and an SU(2) symmetry coming from the RR-sector of the cr-model. This gives 
precisely 4 degrees of freedom to be factored out to go from the HKC space down to the QK 
base. 

Not only this construction allows to work with an easier type of geometry, but the 
additional symmetries make it even more special. In particular, they lead to the existence 
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of the so called hyperkahler potential x such that the metric on &q, in real coordinates, 
satisfies 

9mn = D M 8 NX . (11.22) 

In any complex structure \ reduces to a Kahler potential. Thus, this is a very convenient 
quantity to work with, encoding the geometry of the Swann bundle. 

However, this construction does not solve yet the problem of parametrization of QK 
manifolds. Nevertheless, it suggests a natural strategy: since the parametrization problem 
of HK spaces is solved by considering their twistor spaces, one should start from such twistor 
space and impose the conditions ensuring that this is the twistor space of a hyperkahler cone. 
After factoring out the auxiliary degrees of freedom, this procedure leads to the twistor space 
Zq of the initial QK manifold, which in fact appears as an intermediate step in the Swann 
construction. Namely, it is a CP 1 bundle over Q, whereas &q is a C x bundle over Zq. Thus, 
one has the following chain of bundles 

Z& Q ^&q^ Z Q ^Q, (11.23) 

where at each step the real dimension is decreased by 2. 

It turns out that in terms of transition functions on Z& Q , the condition that &q is a HKC 
requires that these functions do not depend explicitly on t and are (quasi-) homogeneous^] 
of first degree in rf [3D]. One can then impose these conditions in the formulas of the 
previous section and extract the corresponding equations describing the initial QK manifold. 
In particular, due to the homogeneity condition, rj 1 appear now as projective coordinates. 
Singling out one of them, say r] a , one ends up with an odd number of inhomogeneous ones 
given by (I = (A, a), A = 0, . . . , n — 1) 

£ A = 4' a = /iA, a = fji a . (11.24) 
r] a 

These are holomorphic coordinates on the twistor space Zq. In particular, since none of 
them coincides with the coordinate on the CP 1 fiber, this demonstrates that, in contrast to 
the twistor space of a HK manifold, Zq is a non-trivial bundle with fibers which are not 
holomorphic. 

The most important for us is what is happening with the symplectic structure represented 
by a set of holomorphic 2-forms fiW. It turns out that it descends to a holomorphic contact 
structure on Zq. The latter is provided by a set of holomorphic one-forms X^\ defined up 
to rescaling by a nowhere vanishing holomorphic smooth function, such that X™ A (dA'W)" - 
is the non- vanishing holomorphic top form. To obtain X™ from fiW, it is sufficient to write 
the holomorphic 2-form as a differential of the Liouville form 

nw = de w , 0® = ^$, (n.25) 

and divide the latter by i/Sj, 

ATM = K)-^ = daM + fifcdg 1 . (11.26) 



2 Here "quasi" refers to the possibility of a mild modification of the homogeneity condition due to logarith- 
mic terms in the transition functions of the kind considered in section [L4l The modification is characterized 
by a set of constant parameters called "anomalous dimensions" . Although they affect some of the following 
equations, in this subsection we assume that they all vanish (see |40j for complete results). However, we 
introduce them back in (|II.35[) because they are responsible for physically important effects. 
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This shows that £m,Ca and are local Darboux coordinates for the holomorphic contact 
one-form X^\ which can be thought as an odd- dimensional counterpart of the symplectic 
structure. 

The existence of the holomorphic contact structure is the characteristic feature of the 
twistor space of a QK manifold [12"} EH]. Moreover, it is known to be proportional to a certain 
canonical (l,0)-form Dt defined by the SU(2) connection p 

X [i\ = 1 e * H £ t) Dt = dt + p + _ itj9 3 + t 2 - (11.27) 
it 

where t again denotes the coordinate on the CP 1 fiber of the twistor space. The proportion- 
ality coefficient is given in terms of a function <E>M = $M(g a ,t), holomorphic in t, which we 
refer as "contact potential" . Note that in general it is defined only locally what is reflected 
by the patch index. Nevertheless, this is a very important quantity for several reasons. First 
of all, its real part provides the Kahler potential on the twistor space Zq 

Kz a = log — tt— + Re$^. (11.28) 

Secondly, it gives rise to a certain function on the QK base manifold 

0= Re [$ [+] (t = 0)] , (11.29) 

where [+] denotes the patch around t = 0. This new function turns out to be closely related 
to the hyperkahler potential on the HKC 

X = ^, (11-30) 

where r b is a certain function invariant under the SU(2) isometric action on &q, with weight 
one under dilations (see jlQ] for more details). Thus, is a natural potential to be associated 
with a QK space. Moreover, in physical applications it can be identified with the dilaton 
field and acquires nice transformation properties under action of symmetries. 

Finally, note that the contact one-form and the Darboux coordinates are subject to the 
reality conditions written as 

V(AWj=X®. (11.31) 

2.2 Transition functions 

As in the HK case, the geometry of the twistor space is encoded in the gluing conditions 
between different coordinate systems given by (Cj^j, £a > a ^)> which provide the canonical 
representation of the contact one-form (1H.26|) . However, now the gluing conditions become a 
bit more complicated since they describe local contact transformations. Such transformations 
are generated by holomorphic functions of M in one patch and ^\a^ in another patch, 

which we denote by the same symbol as in the previous section. Similarly to flll.7p . the 
contact one-form is rescaled by a holomorphic factor 

X® = f*xW i (H.32) 
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but this factor turns out to be completely determined by the transition functions 

fl = l-d ab] H^. (11.33) 
The gluing conditions for the Darboux coordinates read as [M] 

£a =f +d#HM, (11.34) 
and can be rewritten in the following integral form 

«fi(t, «■) = ^* + t-r* - tf" - \ T,£^ fzi (%' ffW1 + eft s «" ffM ) ■ 

a"(t,o = ft+^/^^v"-^ (IL35) 

aW(t, g «) = ^i + jEf =^(s« 1 -^)-ii(^+«(rt- 1 +i il t)). 

Here complex F A and real A A , 5a, B a parametrize the space of solutions of the gluing con- 
ditions and can be chosen as coordinates on Q. However, they contain An + 1 variables, one 
more than is needed for a 4n-dimensional QK manifold. One auxiliary coordinate can be 
absorbed by a phase rotation of the CP 1 coordinate t, which allows to choose, for example, 
Y° to be real. On the other hand, c\ and c a are just numerical parameters. They provide 
the so called "anomalous dimensions" mentioned in footnote [2j They arise due to the possi- 
bility to have transition functions on the HKC &q which are not simply homogeneous, but 
quasi-homogeneous and characterize this "anomalous" behavior. 

As is the case for the Kahler potential of HK spaces, there is an integral representation 
of the contact potential introduced above in terms of solutions of the equations (III.35I) . It is 
given by the following formula 

* W (t, Q a ) = - \ £ £ ^7 ^ log (1 " ^$(0) , (H.36) 

where the t-independent part reads as 

= — Y I - (t" 1 F A - tF A ) 9>a + ^A a + ^. (11.37) 
16n ^ J Cj t v ; € M 2 2 K J 

Finally, note that the conclusions of section [L4l are equally applied to the given case and 
in all above equations some of the contours may be taken to be open. This is a sign of the 
presence of branch cuts and there is always a possibility to reformulate such a construction 
in terms of the usual open patches and closed contours only. But the latter is usually much 
more involved than the one in terms of open contours. 
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2.3 The metric 

As in the previous section, the first and the most complicated step on the way to the metric 
is to solve the gluing conditions (III. 351) and to find the holomorphic Darboux coordinates as 
functions of coordinates on Q and the CP 1 coordinate t. Once this step is completed, the 
procedure to extract the metric is straightforward, although more involved than in the HK 
case. It involves the following steps [101 [33] : 

1. compute the components of the SU(2) connection from (III. 261) . flll.27p . fill. 361) and 
(HL37D : 

2. compute the triplet of quaternionic 2- forms Uq using the second equation in fill. 2 1 j) ; 

3. expand the holomorphic one- forms d£ A , d^A and da around t = and project them 
along the base Q, producing local one-forms on Q of Dolbeault type (1, 0), which allows 
to get the almost complex structure J 3 ; 

4. obtain the metric via g = Uq ■ J 3 . 

We refer to [33] for further details where all elements of the construction are expressed in 
terms of first few coefficients of the expansion of Darboux coordinates around t = 0. 

2.4 Toric QK geometries, deformations and isometries 

There exists a QK analogue of 0{2) HK spaces where the integral equations (III.35j) provide 
explicit expressions for the Darboux coordinates and we do not have any equations to solve 
anymore. This is the case where the transition functions are independent of and 
which describes QK manifolds with n + 1 commuting isometries. We will call them toric 
geometries. The corresponding Killing vectors are given by 8b a and <9# Q and their moment 
maps provide global sections on the twistor space which coincide with the unit function and 
a half of Darboux coordinates 

£ A = t- x y A + A A — t? A . (11.38) 

The HKC of a toric manifold is an 0(2) HK space whose Kahler potential appears as a 
Legendre transform (III.17p . Thus, the toric manifolds are those QK spaces which can be 
described using the projective superspace approach and this fact has been extensively used 
in the study of quantum corrections to the HM moduli space in [221 HB1 122] ■ 

Generic QK spaces can be viewed as perturbations around the toric case if the transition 
functions can be represented as in (III. 181) . Again, the integral equations ( 1H.35|) can be used 
to provide a perturbative solution expanded in powers of H}$. The linear approximation 
was studied in detail in [4TJ| . 

A generic perturbation breaks all continuous isometries of Q. However, if an isometry 
has survived, it is known that it can be lifted to a holomorphic isometry of the twistor 
space Zq. Moreover, even if a continuous symmetry is broken by perturbations to a discrete 
subgroup, the remaining discrete isometry should still be realizable on Zq holomorphically. 
This property was instrumental in our study of string moduli spaces because a combination 
of discrete symmetries with holomorphicity turns out to be sufficiently powerful to generate 
all quantum corrections to the classical metric. 
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Besides the toric geometries, there is another special case which is worth to consider 
in detail. Let us assume that Q has one continuous isometry. One can always choose the 
Darboux coordinates such that the corresponding holomorphic Killing vector on Zq is d a [i\. 
As a result, our transition functions are independent on the coordinates which leads to 
crucial simplifications. First of all, in this case the functions (111.33)) become trivial so 
that the contact one-form becomes globally defined. Besides, the contact potential (111.36)) is 



also real, globally defined and independent on t, $W = 0(g a ). But more importantly is that 
such Q can be identified locally with a HK space of the same dimension. This identification 
was called QK/HK correspondence |45] and plays an important role for moduli spaces in 
theories with N = 2 supersymmetry. 

2.5 QK/HK correspondence 

The QK/HK correspondence is a one-to-one map between a QK space with a quaternionic 
isometry and a HK space of the same dimension also having an isometry and equipped with 
a hyperholomorphic line bundle Jzf [45] (see also [IS]). This map can be constructed quite 
explicitly if one proceeds as follows 

g(4n+4) 

/ \ (H.39) 

g(4n) £(4ra) 

It means that, first, one associates a HKC &q to the initial QK manifold. In particular, the 
isometry on Q gives rise to a tri-holomorphic isometry on &q. Then at the second step this 
isometry can be used to perform a hyperkahler quotient which produces a HK space of the 
same dimension as the initial QK space. 

Following this procedure, it is possible to give explicit formulae for the dual HK metric 
and the hyperholomorphic connection of Jzf. Let the initial QK metric and the SU(2) 
connection are represented as 

ds% = (3 (dO + 6) 2 + ds 2 Q/de , p 3 = (d9 + 9) + 6' (11.40) 

where dg generates the isometry, is a connection one-form, /3 is a function on Q invariant 
under dg, and we chose a SU{2) frame such that the QK moment map /2g for dg is aligned 
along the third axis and described by a function p. Then the dual metric is found to be [45] 



ds% = ^ - 2pds 2 Q/9e + Ap \p + \ 2 + ( 7 + p) (d8 f + 9f , (11.41) 



where we traded /3 for a new function 7 defined by 

P = (11.42) 

2p 2 7 

As is clear from ( 111.41)) . the dual metric possesses an isometry generated by de>. It is also 
possible to show that the curvature of the connection 

= 7 (d0 ; + e') + e (11.43) 
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is a (l,l)-form in all complex structures and thus defines a hyperholomorphic line bundle. 
It is very important to consider the HK space together with this line bundle, because there 
are many QK spaces which are mapped to the same HK manifold and which differ only by 
the form of the hyperholomorphic connection 

In fact, the QK/HK correspondence becomes particularly simple in our twistor approach. 
Indeed, as indicated in the previous subsection, one can always adjust Darboux coordinates 
such that the transition functions are a-independent, which implies that the coordinate 9 
should be identified with B a . Then the gluing conditions (III.34j) for £ A and £a reduce to the 
usual symplectomorphisms identical to ( III.9j) so that the equations determining the twistor 
lines in HK and QK cases become equivalent. From this fact one immediately concludes 
that, to describe the dual spaces, Q and in the twistor approach, it is sufficient to take 
the same covering of their twistor spaces and the same transition functions 

tf| J Wt) = #!?'W), (11.44) 

which implies also a simple relation between the Darboux coordinates 

rf(t) = e A (e" i9 't), /i A (t) = Ue~ ie 't) (11.45) 



provided we identify 

/ = yV, x A = A A , qa = B a . (11.46) 



The relation ( 111.44)) shows that the image of the duality map ( III. 391) consists of those HK 



spaces whose transition functions can be taken independent on the CP 1 coordinate t. This 
independence is the origin of the isometry along 8'. 

This construction leaves aside so far the remaining Darboux coordinate a. It is precisely 
this holomorphic coordinate that is responsible for the existence of the hyperholomorphic 
line bundle =5f on .ft. It defines a holomorphic section on Z& and appears as a potential for 
the connection A ^ 

Kg = Ima, \^ = ^(d - d)K#. (11.47) 

It is interesting that the contact potential ( III. 371) of the QK geometry also plays an 
important role: it is proportional to the moment map p (see (111.40)) ) [4T)] and relates the 
Kahler potentials for the HK metric and the hyperholomorphic curvature 

4e^ = K A + K^. (11.48) 

The above formulae have been written ignoring the possibility to have non-vanishing 
anomalous dimensions which appear explicitly in ( 111.35)) . However, it is easy to incorporate 
them and one finds that their variation induces just a coordinate transformation on the 
dual HK manifold [35], whereas both, the metric and the hyperholomorphic curvature, stay 
invariant. Thus, it seems that the QK/HK correspondence erases any information about 
them. But this is not the case as the anomalous dimensions affect the hyperholomorphic 
connection A <g changing it by an exact term. This is a manifestation of the fact, the QK/HK 
correspondence produces A <g in a fixed Kahler gauge. This is clear from (111.43 1) as Kahler 
transformations involving d8' change the function 7 and, as a consequence, the QK metric 
fHL40|) . 
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Why is this pure mathematical duality relevant for us? The point is that the QK/HK 
correspondence relates the local and rigid c-map metrics based on the same prepotential 
F. Besides, the same relation continues to hold upon inclusion of the one-loop correction 
on the QK side: as we will see in section IIIlKj in the twistor description it appears as a 
non- vanishing anomalous dimension c a and hence does not affect the dual HK metric. Thus, 
the QK/HK correspondence provides a nice connection between perturbative metrics on the 
HM moduli space A^hm of compactified Type II string theory and the moduli space Aif d of 
circle compactification of a N = 2 gauge theory, considered in section Hll3~ll^l It shows that, 
although the HM moduli space is quaternion-Kahler, it can be viewed as coming from a 
more simple hyperkahler space. 



Moreover, as was discussed in section H12.31 all D-instanton corrections to the metric on 

■Mum preserve the isometry along the NS-axion. Therefore, in the approximation where 
the instanton corrections from NS5-branes are ignored, A^hm is still subject to the QK/HK 
correspondence. A remarkable fact is that the image of this map is again given by Aif d , now 
corrected by BPS instantons, so that the latter can be identified with the D-instantons in 
string theory. This provides an explanation why their twistor constructions, which we are 
going to present in chapter HV] look very similar. At the same time, we see that the inclusion 
of NS5-brane contributions destroys the correspondence and makes the moduli space AIhm 
truly quaternion-Kahler. 



3 It should be noted however that the holomorphic prepotentials relevant for gauge and string theories are 
of different types. In particular, the image of the local c-map metric under the QK/HK correspondence is a 
HK metric of Lorentzian signature, whereas the metric on M.^ d should be positive definite. 
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Chapter III 

Tree level and perturbative 

corrections 

1 Tree level moduli space in the twistor description 

The tree level metric on the HM moduli space is obtained by the c-map procedure as de- 
scribed in section Hll2. 21 and is given explicitly in (II.36j) . It possesses several continuous isome- 
tries which, in particular, include the Heisenberg symmetry transformations (11.31 j) shifting 
the RR-fields and the NS-axion. This implies that at tree level A^hm is a toric QK manifold. 
Its twistor description has been proposed in [40J heavily relying on the results of [23], 121] 
which used the projective superspace formalism. The latter essentially coincides with our 
twistor description of HK spaces which are constrained to be hyperkahler cones with n + 1 
commuting isometries. Here we present only the final construction. 

As we learnt in the previous chapter, to define a QK manifold, it is sufficient to provide 
its covering and the associated set of transition functions. In practice, we will always work 
locally in the moduli space. As a result, we should care only about the covering of the CP 1 
fiber and the Darboux coordinates develop singularities only in t. 

Taking this comment into account, we consider the Riemann sphere and introduce a 
covering by three patches, U + ,U- an d Uq\ the first patch surrounds the north pole (t = 0), 
the second is around the south pole (t = oo), and the third one covers the region around the 
equator of the sphere, as is shown on Fig. IIII.ll It is clear that in this case there are only 
two independent transition functions defined on the intersection of Uq with U±. It turns out 
that this construction produces the HM moduli space provided these functions are chosen 
as follows 

H [+oi = H i-o] = ( IIL: g 

Since we are describing a toric QK manifold, the transition functions depend only on the 
Darboux coordinates £ A . For these coordinates we do not have to specify the patch because 
they are globally defined as in (III. 381) . The full set of Darboux coordinates can be easily 
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#[+0] 




Fig. III.l: Covering of CP 1 by three patches and the associated transition functions. 



found using flll.35j) and in the patch Uq they are given by 



Mo] 


= c A - 




m 


= Ca- 












= o + 





(t- 1 F A (z)-tF A (z)) , (111.2) 



where 

W{z) = F A (z)( A - z A U (III.3) 
and used the following redefinition of coordinates 

A A = (\ S A = CA-C E ReF AS (^), B a = ~(a + C A B A ), Y A = ^z A . (III.4) 

The new coordinated £ A , (a, cr, z a turn out to coincide with the physical fields of the com- 
pactified string theory in the type IIA formulation. Comparing with Table 11.31 one observes 
that we are missing the dilaton 0. It can be obtained from the additional coordinate T2, 
which is in fact identified with the ten-dimensional string coupling. More precisely, the dila- 
ton appears as the contact potential, which does not depend on the CP 1 coordinate due to 
the isometries and therefore can be considered as a coordinate on the moduli space. Using 
(111.37p . one finds 



* A T 2 



2 



The last thing which we need to explain regarding (IIII.2j) is o;W. This is a shifted version 
of ojW defined as 

aM = -2aW-^g?- ( IIL6 ) 

It is more convenient because <3^ is explicitly invariant under symplectic transformations 
( 11.291) . At the same time, (£i™,£y^) form a symplectic vector. This property ensures the 



1 Note that z° = 1 and therefore Y° = T2/2 is real in agreement with the comment below (|II.35[) . 
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symplectic invariance of the whole construction. Besides, it demonstrates the distinguished 
role of the patch Uq. In other patches the Darboux coordinates can be obtained by using 
the gluing conditions (1II.34|) with the transition functions (1III.1I) . In U± the poles at t = 
and t = oo, respectively, are canceled, but the explicit symplectic invariance is broken. 

From this twistor construction and the generic behavior of the instanton corrections 
described in section Hll2.3[ one can already learn a few lessons on how these corrections 
should be incorporated. Comparing the dependence of the Darboux coordinates (lIII.2j) 



on the RR-fields and the NS-axion with the leading form of the D-brane and NS5-brane 
instantons, (II.37P and ( 11.39p . one finds that the transition functions encoding them should 
scale, respectively, as 

# 7 ~ e -M<7A5 A -P A a) ; H k ~ e-« ik& h k (Z, £). (III. 7) 

Thus, the Darboux coordinates £ A , £a and a can be viewed as a twistor space lift of £ A , Ca 
and a. This also implies that if one introduces only D2-instantons associated with A-cycles, 
i.e. one puts p A = 0, then the Darboux coordinates £ A remain unmodified and given by the 
tree level result (lIII.2j) . 

Following the procedure outlined in section HTll2.3[ one can derive the metric on the QK 
manifold defined by the above covering and transition functions. Being expressed in terms 
of the type IIA physical fields, the metric coincides with the well known result for the tree 
level metric on the HM moduli space (11.36j) . which confirms the validity of our construction. 



Note that the transition functions (IHI.lj) are completely defined in terms of the holomorphic 
prepotential. This is essentially the content of the c-map. Thus, in our formalism it gets a 
simple and nice realization by means of the identification (jHI.ip . 



2 Perturbative moduli space 

2.1 One- loop correction in the twistor space 

A way to incorporate the one-loop ^-correction has been suggested in J2S]. The proposal has 
been formulated in the projective superspace framework based on symmetry considerations 
and on the previous results of [211 El 1221 HE]. Namely, it was found that the one-loop 
correction gives rise to an additional term in the Lagrangian (111.16j) of the following form 



A-loop = - / ^Vlog^, ( IIL8 ) 

where C$ is the figure-eight contour encircling the two zeros of r] a (t) and c is a deformation 
parameter which encodes the one-loop correction. This parameter was found in [28] by 
matching the microscopic string calculations of [211 122] and is completely determined by the 
Euler characteristic of the Calabi-Yau, 

X2J (III.9) 



192vr 



The deformation term ( 1111.81) precisely corresponds to the situation described in section 
HTlll.41 and is generated by a quasi- homogeneous transition function r) a log r] a . As we know, 
such contributions do not descend to non-trivial transition functions on the twistor space of 
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the initial QK manifold, but instead they give rise to non-vanishing anomalous dimensions. 
Indeed, as was shown in |40] . to obtain the one-loop corrected HM moduli space, it is sufficient 
to supplement the transition functions (1111.11) by one non-vanishing anomalous dimension 

c a = -2c=^-, c A = 0. (111.10) 

This simple modification incorporates all perturbative effects because, as was argued in 
[28| |4*D] , the moduli space metric does not get higher loop corrections. 

This correction affects the last Darboux coordinate in ( 1III.2I) and the contact potential. 
From ( 111.351) and ( III. 371) . one finds 

*M = a + T j (t-'Wiz) - t W{z)) + |g log t, c> = | K(z, z) + (III.ll) 

Thus, the only effect of the one-loop correction is the introduction of logarithmic singularities 
at the north and south poles of CP 1 and a shift of the dilaton by a constant term. Of course, 
its effect on the metric is much more significant. It will be the subject of the next subsection. 

2.2 Moduli space metric 

First, the one-loop corrected metric has been found in (28], however, in a somewhat inexplicit 
form. A much more simple and explicit expression has been obtained in [29] by performing 
the standard superconformal quotient [30J of the HKC defined by the tree level Lagrangian 
and its correction (IIII.8j) . Later the same result has been reproduced from the twistor 
formulation of the previous subsection [3D]. As a result, the one-loop corrected metric was 
found to be 



d^ Pert = dr 2 - 1 ( ImA/") AE (dC A - A/" AA ,dC A ') (dC s - AWdC E ' 

hm r z [r + c) 2r \ / \ 

Da 2 + 4(r + C) K al dz a dz 



z^Ca - F A dC A ' 



r r + c nJ , 4(r + ch 
lor 

where Da is the one-form 



r 2 K 



(111.12) 



16r 2 (r + 2c) 



Da = da + C A dC A - C^Ca + 8c A K (III. 13) 

corrected at one-loop by the Kahler connection 

Ak = \ {^ a dz a - ]C- a dz & ) . (111.14) 

Thus, we observe that the effect of the one-loop correction, described by the numerical 
coefficient c ( 1III.9I) . is to modify the dilaton-dependent coefficients of various terms and to 
add an additional term to the connection (1III. 13[) . The latter describes the circle bundle of 
the NS-axion over the torus of the RR-fields. This bundle and the one-loop correction to its 
curvature will play an important role in the study of NS5-brane contributions in chapter I VI I 
More importantly, the one-loop correction introduces a curvature singularity at r = —2c 
for c < 0. One expects that it should be resolved by instanton corrections. Such a resolution 
can only happen once all corrections, including those which come from NS5-branes, are taken 
into account at all orders. Since this goal has not been achieved yet, this resolution problem 
remains open. The apparent singularities at r = and r = —c can be shown to be of 
coordinate nature 1491. 
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Chapter IV 

D-brane instantons 



1 D-instanton corrected twistor space 

The metric (IIII.12I) presented in the previous chapter provides the complete perturbative 
description of the HM moduli space. The next step is to include non-perturbative corrections. 
As we saw in section Hll2.3[ they come either from D-branes wrapping non-trivial cycles or 
NS5-branes. In this chapter we will concentrate on the former type of corrections and 
postpone the latter till chapter I VI I This implies that we are working in the region of the 
moduli space where the string coupling determined by the dilaton is small and therefore 
the NS5-brane corrections are exponentially suppressed comparing to the D-instanton ones. 
Besides, we restrict ourselves to the type IIA formulation so that our results should explicitly 
respect symplectic invariance. The mirror type IIB formulation will be considered in the next 
chapter. 

Thus, here our aim is to present the construction of the HM moduli space in the type IIA 
formulation which includes contributions from D-brane instantons. We do not go through 
its derivation, which followed the chain of dualities shown in Fig. II.lt but give just the 
final picture [33| 134] . However, for reader's convenience, we approach it in several steps. 
First, we explain how one can incorporate contributions coming from D-branes wrapping one 
particular cycle of the Calabi-Yau. Then we superpose contributions from different cycles 
obtaining a description valid in the one-instanton approximation. And finally we explain how 
non- linear effects can be taken into account, which produces the final construction encoding 
all D-instanton corrections. 

1.1 BPS rays and transition functions in the one-instanton ap- 
proximation 

Let us start by picking up a non-contractible cycle on the Calabi-Yau which can give rise 
to non-trivial instanton corrections to the HM metric. Since we are working in the type 
IIA formulation, D-instantons arise only from D2-branes and thus one should consider a 
three-dimensional cycle. More precisely, this should be a special Lagrangian submanifold in 
a homology class ^a7 A — £> A 7a £ H 3 (^}, Z) [50]. The vector 7 = (p A , q\) can be seen as the 
charge associated to the brane, with —7 being the charge of the anti-brane. Our first goal 
is to show how one can generate non-perturbative contributions to the HM metric coming 
from these particular BPS objects. 
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The construction we are going to present crucially relies on the twistor methods devel- 
oped in chapter [Til and can be viewed as an enrichment of the twistor space describing the 
perturbative HM moduli space from the previous chapter. Thus, what we need is to pro- 
vide a refinement of the covering, used in that description and shown in Fig. IIII.lt an d to 
give transition functions associated with the new patches. Once this task is completed, the 
D-instanton corrected metric can be found following the recipe of section ITTI2.3I 

To describe the new covering, let us recall that every charge vector gives rise to the 
central charge function Z^{z) fll.38p . For fixed complex structure moduli z a , the phase of 



this function can be used to define the so called "BPS ray" i 1 . This is a line on CP 1 going 
between the north and south poles along the direction determined by argZ 7 (z): 

£ 7 = {t : Z 7 (z)/t e iR-}. (IV. 1) 

It is clear that the "BPS ray" associated with the anti-brane of the opposite charge —7 is its 
antipodal image. Together they form a circle which splits the patch Uq into two patches. It 
turns out that the D-instanton contributions related to D2-branes of charge ±7 are generated 
by introducing discontinuities of the Darboux coordinates across the circle. This implies that 
there should be a non-trivial transition function which can be shown to be defined in terms 
of the dilogarithm function Li 2 (x) = V_^°° =1 x n /n 2 . Across the BPS ray £ 7 it is given by 



H,(t,0 = ^ Li 2 (a D (7)e~ 2 ^) , (IV.2) 

where S 7 = ^a^ A ~ £> A £a, whereas 0(7) and 00(7) are numerical factors to be discussed 
below. Across the opposite ray £_ 7 the transition function is given by a similar expression 
where the sign in the exponent and in the argument of od is flipped, which is nothing else 
but ii_ 7 provided ^(7) do not depend on the sign of the charge, 0(7) = f2(— 7). 
Few comments about the transition functions ( 1IV.2I) are in order: 



The function flIV2j) is consistent with the expected scaling (IIII.7j) . whereas the sum in 



the dilogarithm encodes multi-covering effects. 

The direction of the BPS ray £ 7 is chosen such that the function if 7 evaluated on the 
tree level Darboux coordinates f ]III.2j) is exponentially decreasing as t — > or 00 along 



£ T It is clear that this property continues to hold for all contours which lie in the 
half-plane centered at £ 7 . 

The coefficients 0(7) in (IIV.2I) are some numbers which carry a topological informa- 
tion about the Calabi-Yau manifold. For p A = they coincide with the genus zero 
Gopakumar-Vafa invariants determining the instanton part of the holomorphic prepo- 
tential (fL28l) in the mirror formulation, 

n(0,u) = nf] for K}^0, O(0, (0, q )) = X y. (IV.3) 

For generic charge they are expected to be integer and were related to the generalized 
Donaldson-Thomas invariants introduced in [51] and satisfying the so called KS wall- 
crossing formula which will be explained in section [ 
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Fig. IV. 1: Two coverings of CP 1 . The left picture shows a regular covering by open patches 
which generates the HM twistor space affected by one D-instanton. The covering on the right 
is obtained in the limit where the strips U± go to zero width along the BPS rays £±-y, while 
maintaining a non-zero size at the north and south pole. 



The other numerical factor cr D (7) in (1IV.2I) is a "quadratic refinement of the intersection 
form" on the charge lattice T. It is defined as a homomorphism o : T — > 17(1), i.e. a 
phase assignment such that 



( 7 + y ) = (_l)<7,7') aD(7)(TD( y )) (IV . 4) 



where we used the symplectic scalar product defined in (1I.33j) . The general solution of 
(IIV.4I) can be parametrized as [52] 



Ml) = e(-^aP A + g A 0£ - /0d,aJ = a e M, (IV.5) 

where 6 = (6 |A , 0a) are the so called characteristics and we introduced a very conve- 
nient notation E(z) = exp [27riz]. In the case when the characteristics are half-integer, 
the quadratic refinement becomes just a sign factor. Although it seems to be harmless, 
its presence is important for consistency with wall-crossing [53] and affects the global 
structure of the moduli space [MJ [35] . 



In ( 1IV.2|) we did not specify the patch indices of the Darboux coordinates entering 
the arguments of i7 7 . This is because this form of the transition function is valid 
strictly speaking only in the one-instanton approximation. In this approximation it is 
sufficient to use for £ A , £a their perturbative expressions in the patch U (1III.2I) . At the 
full non-linear level one should evaluate £ A on the left of the BPS ray and £a on the 
right, which would naively spoil the symplectic invariance of the construction. For the 
moment we ignore this complication and will address it below in section 11.21 

The presented construction of the instanton corrected HM moduli space is an example 
of the description based on the use of open contours. We discussed such possibility in 
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Fig. IV. 2: "Octopus-like" and "melon-like" coverings of CP 1 and the associated transition 
functions. 

section HTIll.41 Here the open contours are given by the BPS rays £ 7 and, as expected, 
introduce branch cuts in the Darboux coordinates. This fact leads to the necessity to 
modify also the transition functions between Uq and the patches U± around the poles 
because the tree level transition functions flHI.lj) are not sufficient to remove the cuts. 
This goal can be achieved by considering 

i/M = F(£ [+] ) + G„ H HA = F(£ H ) - 7 , (IV.6) 
where the instanton part is described by the function 

IMS,) = ^ jf" Li 2 M*" ME ) • (IV.7) 

It has two branch cuts from t = and t = oo to the two roots of H 7 (t) = 0. The 
discontinuity along these cuts is precisely given by H 1 which allows to get regular 
coordinates in U± . 

• Moreover, the transition functions (IIV.6[) can be used to provide a description of the 
same moduli space which uses only open patches and closed contours. For this pur- 
pose, one extends the patches U± down to the equator with a non-vanishing mutual 
intersection as shown in Fig. HV.ll This gives a completely regular description of the 
twistor space where the functions (1IV.6I) and the anomalous dimension (IHI.lOj) are the 
only input data. The previous picture with the BPS rays arises upon shrinking U± 
along 4t7 while retaining a finite size around the north and south pole 



To include D-branes wrapping other cycles, one should repeat the above procedure asso- 
ciating with each charge a new BPS ray and introducing across it a discontinuity described 
by the transition function given by the same formula flIV.2p . As a result, one obtains the 
"melon-like" picture (Fig. IIV.2[) where the covering consists of sectors of CP 1 divided by 
the contours £ 7 and the usual patches U±. 
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Similarly one can generalize the formulation based on open patches. This leads to the 
picture shown on the left of Fig. IIV.2I which resembles two octopuses with touching fingers. 
The corresponding transition functions are given by (1IV.6P with the functions Q 1 summed 
over different charges. 

Although it is straightforward to evaluate the Darboux coordinates in the one-instanton 
approximation [33] , we refrain from giving them explicitly. Instead, in section 11.31 we pro- 
vide the full result which includes all D-instanton corrections to all orders in the instanton 
expansion. From this result the one-instanton approximation will trivially follow. 



1.2 All orders construction 

Let us go beyond the one-instanton approximation which was used so far. It turns out that 
for this purpose one should just adjust the transition functions (1IV.2P in the way that ensures 
the symplectic invariance and consistency with wall- crossing. 

Let us order all charges 7 G V (including those for anti-branes) according to decreasing of 
the phase of the central charge function and enumerate them by the index a. Furthermore, 
the sector bounded by i la _ 1 and £ 7a on Fig. IIV.2I will be denoted by U a and we define 

Then the above two requirements uniquely fix the gluing conditions for the Darboux coor- 
dinates £ui,!a across the BPS rays which must be given by 

e£ +1] = - ^^log (1 - a D (7«)e- 2 ^) , 

of ^ ( IV - 9 ) 

fjT 11 = I!" 1 - ^ ? a ,A log (1 - a D ( la )e~^) . 

It is easy to check that these transformations are symplectomorphisms in the (£, £)-subspace 
and therefore there should be a Hamiltonian function generating them. This function would 
coincide with (1IV.2[) if not the fact, mentioned on pageHU that its arguments should belong 
to different patches. The correct transition function can nevertheless be found [M], although 
it is given only implicitly by 

#[■■+!] (£ w> £■+!]) = ^ _ 1 qaKp ^ H ' la )\ (IV.10) 



where H~(E,~) is defined in flIV.2j) and H 7a should be understood as a function of S^ a+1 ' (and 



thus as a function of the arguments of H^ aa+1 ^) defined through the transcendental equation 

= S 7a - g a , AP X a (H 7 J. ( IV - U ) 
This complicated definition is designed to ensure that 

= q aA K> % + ^ [aa+1] = -PaK (IV.12) 

and thus the gluing conditions flIV.9l) are indeed satisfied. 

Similarly, the transition functions to the poles (IIV.6I) acquire non-linear terms. Their 
exact expressions can be found in [31] and are quite involved. However, the instanton terms 
in if ' ±0 1 do not affect the evaluation of the metric and are needed only for consistency of the 
construction. Altogether the above data completely define the HM moduli space in the type 
IIA formulation with inclusion of all D-brane instantons. 
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1.3 Darboux coordinates and contact potential 

Although the transition functions uniquely define the twistor space and the underlying 
quaternionic manifold, to actually compute the metric one needs to solve the integral equa- 
tions ()H.35j) for the twistor lines. In our case, they can be shown to reduce to the following 
system [531 US 



1 Y-o/ /w n f dt't + t' / , _ 27riCT /(t>) \ (IV.13) 



s 7 (t) =e 7 + j (t-% -tz 7 ) 



57T 

7' 



where 

7 = g A C A -/CA- (IV.14) 

These equations encode all non-trivialities of the problem. Once the functions H 7 (t) are 
known, the Darboux coordinates can be easily given in terms of the integral which appears 
also on the r.h.s. of (1IV.13P 

= [v t ^ hg ( 1 - M7)e- 27ri3 ^>) • (IV.15) 
Indeed, one finds the following result [34] 

^ = c A +f (t-v-tz A ) + ^^fi( 76 )^(t), 

fl? = a + Y( t_lF A-tF A ) + ^^0(^)9^^), (IV.16) 

b 

& = , +?(t - IW _ t ^ )+ |£ logt+ ^ E!i(7t) ^i±i; M , ) , 

where t G W a , 

>V = ^ " ^ E fi (7b) ^ 7b J" 76 (0), (IV.17) 

and in the last Darboux coordinate we used 

L 7 (t) = L(a D ( 7 )e- 2 ^W)-ilo g( x D (7)log(a D (7)e- 2 ^W), (IV.18) 

L{z) = Li 2 (^) + ^logzlog(l-z). (IV.19) 

The latter function is known as the Rogers dilogarithm. To complete the set of geometric 
data, we also give a formula for the contact potential, which can still be identified with the 
dilaton. Computing ( III. 371) in our situation gives the following result [34] 

16 192 " (IV.20) 



64vr 2 

a 



E ^ / T ( t_ X - tZj log (1 - a D ( 7 a)e" 2 ^- 
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In the limit of small string coupling, the equations (1IV.13P are well suited for perturbative 



treatment. Regarding the last term as a perturbation, one can easily generate an instanton 
expansion which is equivalent to the expansion in powers of ^(7). In particular, to get the 
one-instanton approximation, one should take 

S 7 (t) = 6 7 + y {\T 1 Z 1 - tZ 7 ) (IV.21) 

and substitute it into (1IV.15I) and subsequent formulae. It is interesting to note that if one 
restricts the attention to a sector in the charge lattice where all charges satisfy the following 
condition 

(T«,76> = 0, (IV.22) 

the last term in (IIV.13P vanishes and the linear instanton approximation becomes exact. A 
particular set of such "mutually local states" is given, for example, by D2-branes wrapping 
only A-cycles which all have p A = 0. 

1.4 Symplectic invariance 

Although the Darboux coordinates (1IV.16I) and the contact potential (1IV.20P perfectly re- 
spect the symplectic symmetry, one can wonder why this is not the case for the transition 
functions (IIV.IOP and whether one can find a more invariant formulation? It is clear that the 
answer to the first question is hidden in the asymmetry in the arguments of H^ aa+1 ^: they 
belong to different patches and therefore do not form a symplectic vector. Precisely this fact 
is also the reason for the presence of the non-symplectic invariant quadratic term in ( 1IV.10I) . 



Therefore, if the second question has an affirmative answer, it should be possible to write 
the transition functions generating gluing conditions across BPS rays as functions of Darboux 
coordinates in one patch. However, not every function of such form can be considered as a 
generating function of symplectomorphisms in the (£, £)-subspace. It is easy to check that a 
function H^(^, £W) generates a symplectomorphism if it satisfies the following condition 

<9 € a H [lj] d (d^ H [ij] ^j = HM d (d^A H [lj] ^j . (IV.23) 
In other words, this property ensures that the transformation 

$ = - 9 ® &wl > 3? = S + % m ( IV - 24 ) 

preserves the symplectic form d£ A A d^A- Moreover, it can easily be lifted to a contact 
transformation provided the Darboux coordinate a transforms as 

& V] = 5 W _ + £fcd € AHto] + Qd^HM . (IV.25) 

Remarkably, the condition (II V. 231) is identically satisfied if the function depends 
on its arguments only through their linear combination. This is precisely our case where 
the linear combination is given by H 7 ! Thus, it is legal to take H^- aa+1 ^ = H la and one 
easily verifies that the transformations generated by ( 1IV.24I) coincide with the ones given in 



( 1IV.9I) . whereas ( 1IV.25I) explicitly shows how the dilogarithm function of ( 1IV.2I) turns into 
the Rogers dilogarithm appearing in (1IV16j) . 
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2 Gauge theories and wall-crossing 
2.1 BPS instantons 

As was discussed in section U1I5| N = 2 supersymmetric gauge theories compactified on 
a circle give rise to moduli spaces carrying a hyperkahler geometry. At the perturbative 
level the metric on such moduli space is obtained via rigid c-map and is determined by 
the holomorphic prepotential of the four-dimensional theory. But there are also instanton 
contributions which come from the massive BPS states of the spectrum and look similar to 
the D-instanton corrections in superstring theory considered above. 

The complete non-perturbative description of these BPS instanton contributions has 
been developed in [53]. It is based on the twistor space approach presented in section UTim 
and the resulting picture is essentially identical to the description of D-instantons from the 
previous section. Namely, with each BPS state one associates a BPS ray whose position 
is defined by the phase of the central charge and the Darboux coordinates on the opposite 
sides of the ray are related by the symplectomorphism (1IV.9I) . In particular, the Darboux 
coordinates are given by solution of the same system of non-linear integral equations (IIV. 13[) . 
A mathematical explanation of this similarity is provided by the QK/HK correspondence 
presented in section HT12.5I and can be traced back to the presence of continuous isometries 
on the two sides of the duality. In our case they originate from R-symmetry and due to 
ignorance of NS5-brane instantons, respectively. 

Although the description of [53] is sufficient to get the metric on the moduli space, in 
the following we will need an explicit formula for the Kahler potential. It was derived in 
[55] from the general formula (1II.12j) specified for our covering and transition functions. The 
final result reads as follows 

K Mfd = ^^,^) + Iiv JJ (cv+^E^)^)^ J / V A 

V a,b ^ e ~io. ->hb / 

~W* / T ^ ( a ^ e ~ 2WiEla ) - 2ni ^ (Qa,i-p J a ReF u ) log (1 - f 7( T a)e- 27riS -)] 

a^b ^ £ la J l i h 

where we abbreviated 

dt 

V a t = ^ log (1 - a(7a)e- 2 ^ (t) ) • (IV.27) 

Here the Kahler potential is written in terms of the real coordinates on the moduli space. 
To be applied for the computation of the metric, it should be reexpressed as a function of 
the holomorphic coordinates flII.13jl which in our case can be taken as 

z 1 and wj = Ci ~ FuC J - ^ ^ Q( 7o ) (q aJ - F u (z)p J a ) j V a t. (IV.28) 

Note that the quantity flIV.261) is not explicitly symplectic invariant. Instead, K M st can be 
shown to transform by a Kahler transformation [55] so that it is perfectly consistent with 
the symplectic symmetry. 
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2.2 Wall-crossing 

So far we were working over a fixed point in the moduli space. Let us assume now that we 
are slowly changing the moduli z 1 . As a result, one changes also the phases of the central 
charges Z^(z) and, consequently, the position of BPS rays. It is natural to expect that at 
some point two BPS rays may align and then exchange their order. On the other hand, 
it is easy to see that the symplectomorphisms across the BPS rays are not commutative 
provided they correspond to non-mutually local charges, (7, 7') 7^ 0. Thus, two different 
orders of BPS rays lead to two different solutions for Darboux coordinates and, therefore, to 
two different metrics. But how is this possible given the fact that the metric on our moduli 
space must be continuous? 

To achieve the continuity of the metric, one should take into account the wall-crossing 
phenomenon and, in fact, the behavior we have just observed is its nice geometric mani- 
festation. Indeed, it has been known for long time [56l [571 [58] that in both gauge theories 
and supergravity there are certain walls of codimension 1 in the moduli space, called lines of 
marginal stability, where the spectrum of single-particle BPS states discontinuously jumps. 
This means that, crossing the wall, some BPS states either decay or on the contrary recom- 
bine to form a bound state. For example, it is known that the distance between two centers 
in a two-centered black hole solution is given by [58] 

r HjujAp+M. (IV . 29) 

2 Im (Z yi Z y2 ) 

Due to the presence of the denominator, the hypersurface in the moduli space where the 
two central charges, Z 7l and Z 72 , align splits the moduli space into two parts. In one part 
7*12 is positive and in the second it is negative. But a negative distance is meaningless which 
indicates that in this region of the moduli space the two-centered solution is unstable and 
decays. 

This example illustrates the general fact that the lines of marginal stability appear where 
the phases of two or more central charge functions coincide. This is precisely the condition 
for the alignment of BPS rays in our twistor construction! Thus, already at this point we 
see that the two phenomena are related two each other. 

Furthermore, the information about the single-particle spectrum is contained in the BPS 
indices ^(7), which appear explicitly in our transition functions (1IV.2I) . The wall-crossing 
implies that, besides the charge, they carry also a piecewise-constant dependence on the 
moduli z 1 and jump across the lines of marginal stability. Thus, there are two origins of 
discontinuity in our story: the jump of ^(7) and the reordering of BPS rays. This gives a 
chance that they can cancel each other and the resulting metric would be continuous. As 
was shown in [S3], this is indeed the case. 

In fact, this result is a direct consequence of a formula suggested by Kontsevich and 
Soibelman [51] which determines ^(7) on one side of the wall if they are known on the 
opposite side. Let us introduce operators 

00 



constructed from the generators of the Lie algebra of infinitesimal symplectomorphisms of 
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the complex torus which satisfy 

[e 7) e y ] = (-l)(^( 7l 7')e 7+ y. (IV.31) 

Then given two charges, 71 and 72, whose central charges align, the KS formula states that 
the product of symplectomorphisms , ordered according to decreasing of the phase of 

Zj(z), stays the same on the two sides of the wall, i.e. 



J] J] ^(7). (IV .32) 

7=ri7i+m72 7=n7i+m72 
m>0,n>0 m>0,n>0 

Identifying e 7 = o"D(7)e _27rl=7 , one recognizes in the operator [T^ 7 '^ the exponentiated tran- 
sition function flIV.2j) . whereas its adjoint action on ey reproduces the symplectomorphisms 
(lIV.9p . Given these identifications, the KS formula is nothing else but the statement that the 



wall-crossing does not change the symplectic structure of the twistor space. As a result, the 
two effects mentioned above compensate each other and the resulting metric on the moduli 
space is continuous. 

Although originally this interpretation of the KS wall-crossing formula has been developed 
in the context of gauge theories and symplectic geometry, it can also be lifted to contact 
geometry associated with quaternion-Kahler spaces [15]. To this end, it is enough to show 
that the transformations of the Darboux coordinate a induced by U 1 satisfy a property 
similar to f)IV.32[) . These transformations can be read off from (IIV. 16[) or (IIV.25P and 
are given by the Rogers dilogarithm. Then the corresponding wall-crossing formula becomes 
equivalent to one of the dilogarithm identities and one concludes that our twistor construction 
consistently implements the wall-crossing in the context of superstring theory. 



3 Integrability 
3.1 Relation to TBA 

It turns out that the instanton corrected moduli spaces described above, in both cases of 
gauge and string theory, are intimately related to an integrable structure. This relation 
is based on the observation of [53] that the equations (IIV. 13[) . which encode geometric 
information about the twistor space and its base manifold, turn out to coincide with the 
equations of Thermodynamic Bethe Ansatz, very well known in the theory of two-dimensional 
integrable models [59]. To establish this relation, for each BPS particle of type a one defines 

• rapidity parameter 9 as t = ie l ^ a+e where ijj a = arg Z la , 

• spectral density e o (0) = 2ni (E Ja (ie^ a+e ) - 7o ), 

• mass /3m a = 2iTT2\Z la \ with /3 being the inverse temperature, 

• chemical potential /3/i a = — 27ri6 7o + log(— cr(7a)), 

• kernel 
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and denotes n a = fi(7«). Then all BPS rays are mapped to the real axis and the integral 
equations (1IV.13I) take the following form 

1 f°° / \ 

m a (3cosh9 = e a (9) + — J2 nb J d6 ' ~ 9 ') lo S ( X + e^"^) . (IV.34) 

These equations are identical to the standard TBA equations except for the factors n a which 
can be interpreted as weights of particles of type a. 

Although this is a curious observation, one can ask whether this is just a coincidence or a 
reflection of some deep relation between the non-perturbative moduli spaces and integrability. 
In the following subsections we will give two observations which put the observed relation 
on a firmer ground and thus support the second option [55] . 



3.2 Potentials, free energy and Yang— Yang functional 

First of all, if the above observation is more than a coincidence then it should be possible to 
relate not only equations but also some physically or mathematically interesting quantities. 
Let us consider first the case of gauge theories. In this case the moduli space is HK and 
the most natural quantity to consider is the Kahler potential. Its full non-perturbative 
expression was given in ( 1IV.26|) . In [55] it was found that if one extracts its symplectic 
invariant, instanton part, it turns out to coincide with an important quantity in the theory 
of TBA which is known as Yang- Yang functional. This is a functional which generates the 
action principle for the TBA equations following from it by varying with respect to the 
spectral densities. It can be conveniently written as [60] 



(IV.35) 



a,b 

+ £ / d6 - Ua Li2 {e Xaie) - Va{0) )] ■ 

a 

Here <p a (9) is the interacting part of the spectral density and X a (9) encodes its free part 
together with the chemical potential 

<p a (0) = e a (6) -m a l3cosh6, X a (9) = /3(fi a - m a cosh6>) - vri. (IV.36) 

Varying (1IV.35I) with respect to <p a and p a and using (1IV.36I) . one indeed gets the TBA 
equations (1IV34I) . The critical value of the Yang- Yang functional is then given by 

W cr = - JL J2 n a n b JdeJ d9' <p ab (6 - 9') log (l - e *-W-*- W) log (l - e x ^~^) 

a,b 

— Vn. / d£ Li 2 (e*-W-*.W) . (IV.37) 

a 

Comparison of this expression with the exact Kahler potential ( 1IV.26I) of the gauge theory 
moduli space reveals that it reproduces two instanton symplectic invariant terms of the 
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latter. Thus, one has the following relation 



K M& ="5- K ( Z ' Z )~l N U {W! - Wi){wj - Wj) 



3d 8 y ' 4 

! f f I ( IV - 38 ^ 

a,6 £ t« ^Ti. 



where iV /J is the inverse of iV/j = — 2ImF/j, <2 a ft is constructed in terms of charges as 

Qat = \ N IjP y b + N IJ (q aJ - p* Re F IK ) (q b>J - V L h Re F JL ) , (IV.39) 

and we rewrote several contributions in terms of the holomorphic coordinates wi defined in 
(!IVT28|> . 

Let us now turn to string theory. In this case the moduli space is QK and does not have 
a Kahler potential or any other function which gives the metric in an easy way. The most 
"close" quantity of that kind is provided by the contact potential <p. We already saw that 
it plays an important role being, for example, associated with the four- dimensional string 
coupling. Besides, it is also closely related to the hyperkahler potential on the corresponding 
HKC (see (IH.30p ). Due to these reasons, it is natural to expect that it will play also a 
certain role in the correspondence with integrable systems. And this indeed turns out to be 
the case: it is trivial to see that the instanton part of the contact potential (1IV.20|) coincides 
with the free energy of the integrable system given by 

F(p) = 7rJ2 ma dd cosh 9 log i 1 + e^° _ea(e) ) , (IV.40) 
so that one has the following relation 

e * = i K ^ + M;-^™- < IV - 41 > 

Thus, in both cases we have a relation between fundamental quantities characterizing the 
geometry and physics of the model. Moreover, given the form of flIV.381) and flIV.4ip and the 
fact that the free energy is usually considered as one of the most important quantities in the 
context of TBA, the string theory relation looks somewhat simpler and more fundamental 
than the gauge theory one. This indicates that may be the full string theory result will still 
be consistent with integrability. 



3.3 iS-matrix 



The second observation concerns the integrability of the iS-matrix corresponding to the TBA 
(lIV.34p . In integrable two-dimensional models the S- matrix is factorizable and is completely 
determined by its two-particle sector. The two-particle S'-matrix in turn can be obtained 
from the kernel of the integral TBA equation because <fi a b{9) is known to be given by its 
logarithmic derivative: 4> a b{6) = — i 9 l °gg ab ■ Integrating (IIV.33j) . one finds the following 
result 

S ab {6)~ sinh (0 + i(^ a -^ 6 )) . (IV.42) 
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As was noticed in [53] , this S-matrix is non- unitary. However, it is not necessarily a problem 
since integrability does not require unitarity. On the other hand, it imposes on the S'-matrix 
a set of severe conditions. This is their complete list: 

• Lorentz invariance — It implies that the S'-matrix should depend only on the rapidity 
difference of two particles 9 = 9 a — 9 b . 

• Zamolodchikov algebra — It means that the particle creation operators must satisfy 
$ o (0)$&(0') = S ab (9 - 6')® b (6')® a (6). Applying this identity twice, one gets the fol- 
lowing restriction on the S-matrix 

S ab (9)S ba (-0) = 1. (IV.43) 

• Crossing symmetry — It relates the scattering in the s- and t-channels and requires 
that 

S ba (iri-9) = S ab (9), (IV.44) 
where a denotes the antiparticle of a particle of type a. 

• Yang-Baxter equation — It means that the order in which the particles are scattered 
should not matter and can be depicted as follows 



a b c a be 




S ab (9)S ac (d + e')S bc {9') = S bc (9')S ac (0 + 9')S ab (9), (IV.45) 



• Bootstrap identity — This is the most non-trivial requirement on the S-matrix which 
relates its singularity structure to the spectrum. Namely, it demands that if S ab (9) 
has a pole in the physical strip, i.e., at 9 = iu c ab where u c ab G (0, it), then the spectrum 
should contain a bound state c with the mass 

= m\ + ml + 2m a m b cos u c ab , (IV.46) 

appearing in the fusing process a + b — > c. But the most important condition is that it 
does not matter whether an additional particle, say d, scatters with the bound state c 
or consequently with the two particles a, b, which leads to the following constraint 
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S, 



da \ 



db\ 



m a 



be I 



7i 



U„ 



(IV.47) 



In [52] it was shown that all these conditions are satisfied. In particular, note that the 
poles of the S'-matrix ( 1IV.42|) correspond to u c ab = ipt, — ip a . The mass formula (1IV.46|) 
together with its expression in terms of the central charge Z 1 yields 



/3m g = 2irr 2 \Z 7a 



la +76 I ' 



(IV.48) 



which implies that the bound state c has charge 7 a + 7^ consistently with the physical 
interpretation. Moreover, upon changing the moduli, the fusing angles u c ab may penetrate 
from the physical strip to a non-physical one or vice versa. This happens at ip a = ip b which 
precisely corresponds to a line of marginal stability! Thus, there is a direct link between 
stability of BPS states and positions of fusing angles on the complex plane. 

We believe that all these observations strongly indicate in favor of a hidden integrable 
structure in the geometry of the instanton corrected moduli spaces. 



3.4 Y-system and unusual features of TBA 

TBA equations are integral equations on spectral densities. Quite often it is useful to rewrite 
them in the form of finite-difference equations which are known as Y-system (see [61] for a 
review). For this purpose one introduces the Y-functions 



and, using -0a 
relations [55] 

Y„ \9 + 



Y a (6) = -eP^-^w (IV.49) 
ipa + K and 0a = —©a, one easily verifies that our TBA leads to the following 



7T1 
2" 



Yn 9 



Til 

~2~ 



n 

a<b<a 



F 6 (0 + i(f + i, a -^ b )) 



n l b (la ,"/b) 



(IV.50) 



This is the Y-system for the case at hand. For a general configuration of charges it is 
extremely complicated and possesses a few unusual features: 



First, on the l.h.s. of (HV.50P one multiplies functions associated with a particle and 
its antiparticle, whereas usually one has only one function. 

Second, on the r.h.s. the Y-functions are all evaluated at different points, whereas 
usually their arguments do not contain any shifts. Moreover, usually the fusing angles 
and the only shifts appearing in functional relations are rational multiples of ir. Here 
they are completely arbitrary and vary continuously with the moduli z 1 . 
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• Third, usually the power of each factor in the product on the r.h.s is related to the 
incidence matrix of a graph which structure is severely constrained by the periodicity 
of the Y-system. This incidence matrix is equivalently described by the matrix N a b = 
/_ °° 4>ab{d)d0- In our case it is just not defined because the kernel is not integrable. 

In fact, these features can be traced back to the following properties of the original TBA: 

• The spectral densities and Y-functions satisfy somewhat unusual reality conditions 

e a {9) = e«(-0), Y a {6) = Y & (-9). (IV.51) 

As a result, there is no parity symmetry and the Y-functions are not necessarily real 
on the real axis of the spectral parameter. 



The kernel 4> a b(@) (1IV 33|) is not decaying at infinity. 



• The system is supplied by arbitrary imaginary chemical potentials \i a . 

Altogether, these features make our TBA much more complicated than one usually encoun- 
ters in two-dimensional integrable models. In particular, the techniques developed to extract 
the free energy and Y-functions in the high-temperature limit, which corresponds either to 
a small compactification radius in gauge theory or to the strong coupling limit in string the- 
ory, become inapplicable. To generalize these techniques to the present context represents 
an interesting mathematical problem. 
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Quantum mirror symmetry and 

S- duality 

1 Type IIB formulation 

So far we considered the HM moduli space in type IIA string theory. Let us now turn to the 
type IIB formulation compactified on the mirror CY 2). Although these two formulations 
should be equivalent according to mirror symmetry, it is of great importance to have both 
of them at our disposal. There are many issues which are difficult to deal with in one 
framework, but which become easy in another. Besides, the properties of their D-branes and 
their explicit symmetries are also quite different. In particular, type IIB theory provides us 
with the powerful S-duality, which was indispensable in getting many of the results presented 
in this review. Finally, at the full quantum level, mirror symmetry itself is so far only a 
conjecture and needs to be proven. 

Let us therefore, before going into details, summarize the main differences between the 
two mirror formulations. The first difference is the physical nature of coordinates on the 
moduli space. From Table 11.31 one observes that in type IIB the complex structure moduli 
z a are replaced by the complexified Kahler moduli v a whereas the periods of the 

RR 3-form potential are replaced by periods of even- dimensional RR forms (the precise 
relation between the periods and the fields c°,c a ,c a ,c will be given in (1V".16|) ) . Note that 
it is convenient to combine one of these potentials, T\ = c°, with the ten-dimensional string 
coupling r 2 = l/g s into the ten-dimensional axio-dilaton field r = t\ + yt^. 

The second difference is the symmetry which characterizes each particular formulation. 
Whereas type IIA theory is explicitly invariant under symplectic transformations, the char- 
acteristic feature of type IIB is the presence of SL(2, Z) duality. In particular, the physical 
fields should form a representation of this duality group. Therefore, if mirror symmetry 
holds at quantum level, our constructions done in the type IIA framework must have a 
hidden SL(2, Z) symmetry which should become explicit after passing to the type IIB for- 
mulation. 

Finally, recall that D-branes in type IIB have even- dimensional world-volumes and there- 
fore they give rise to instanton effects by wrapping even- dimensional cycles of Calabi-Yau. 



1 We use the indices a, b to label coordinates on JCk because we work on the mirror Calabi-Yau 2} for 
which = /i 2,1 (2)). Thus, this is not in contradiction with our conventions spelled in footnote [TJ 
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Thus, there is a series of instanton contributions to the moduli space metric coming from 
D(-l), Dl, D3 and D5-branes as well as from the NS5-brane pertaining to both formula- 
tions. Although all D-instanton corrections should follow by mirror symmetry from the 
construction of the previous chapter, to write them explicitly in the type IIB framework is 
an extremely difficult problem. The main obstacle is that it requires the knowledge of the 
mirror map at the non-perturbative level. As we will show, this problem has been solved 
only partially. But before entering this subject, we need to understand better some of the 
type IIB features mentioned above. 

1.1 D-branes and charge quantization 

The first problem we are going to discuss is how to characterize D-brane instantons on the 
type IIB side. It turns out that the picture where some n-dimensional objects wrap n- 
dimensional non-trivial cycles and are classified by integers enumerating these cycles is too 
naive. The correct mathematical description associates BPS D-instantons to elements in 
the derived category of coherent sheaves T>(%)) [62j[63]. In particular, for non- vanishing D5- 
brane charge p°, a D5-D3-Dl-D(-l)-instanton configuration can be represented as a coherent 
sheaf E on 2), of rank rk(E) = p°. The charge vector classifying such configurations is given 
by the expansion of the so called generalized Mukai vector in the basis of even-dimensional 
cohomology [61] 

i = ch( J E) V /Td(2))= p°+p a cu a - q' a u a + q'^j, (V.l) 

where ch(E) and Td(2)) are the Chern character of E and Todd class of T2). This leads to 
the following expressions for the charges 

P a = [ ^(E), q' a = -( [ ch 2 (£) + ^c 2)1 

q' Q = J(& 3 (E) + ± Cl (E)c 2 (Z)) 

which explicitly shows that the charges q' A are not integer. This becomes problematic re- 
garding applications to mirror symmetry. Indeed, the charges in the type IIA formulation 
are classified by H 3 (X,7j) and hence integer. Thus, there seems to be a clash between the 
two charge lattices and one needs to understand how they are related to each other. 

This problem has been solved in [35]. The idea is to compare the central charge associated 
to a D-instanton and given in type IIB by 

Zy = f e-^V, (V.3) 

with the central charge ( 11.381) known from type IIA theory where the prepotential should be 
restricted to its large volume limit 

F C \X) = - Kabc Xa ^ C + \ A AE A A X S . (V.4) 

We emphasize that it is important to keep the quadratic term despite it does not affect 
the Kahler potential on Kk- Then, upon identification of the moduli z a = v a , the two 
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expressions coincide provided 

q' A = q A - vW s . (V.5) 

Thus, this is the matrix A^t, that makes possible the conversion of rational charges into 
integer ones. However, this conversion works only if the matrix satisfies a set of conditions. 
Their full list reads as follows 



i) A 00 e Z, 
ii) A 0a e ^ + Z, 

Hi) A abP b - i KabcP b P c e z for \/ P a e z, (V ' 6) 

iv) - n abc p a p b p c + -3- c 2 , a p a G Z for Vp a e Z. 
o Iz 

Although the last two conditions look completely non-trivial, remarkably they are indeed 
fulfilled in few examples where A\% has actually been computed. For example, on the quintic 
Calabi-Yau one has 

11 

k u1 = 5, A u = - y, c 2 ,i = 50 (V.7) 

and it is amusing to check that (IV. 6 ft does hold. In general, these conditions can be considered 
as a consequence of mirror symmetry. They ensure that the charge vector 7 = (p A , q\) is 
valued in H cvcn (X, Z) and can be meaningfully identified with the homology class of a special 
Lagrangian submanifold on the mirror type IIA side. In contrast, the primed charges (TV 21) 
belong to a shifted lattice 

q' a E Z - |j c 2 , a - ^K abc p b p c , q' e Z - 1 p a c 2 , a . (V.8) 



1.2 S-duality and mirror symmetry 

We had to start with the subtle issue of quantization of D-brane charges, even before consid- 
ering the type IIB formulation at the perturbative level, because it turns out that the shift 
by the matrix A^y, (1V"-5j) revealed above has important implications on the mirror map and 
S-duality transformations. 

To see how this comes about, let us first establish how mirror symmetry relates the 
periods of RR potentials on type IIA and type IIB sides. All these periods appear linearly 
in the imaginary part of the D-instanton action whose real part is determined by the central 
charge. Thus, it is natural to find the relation by equating D-instanton actions in type IIA 
and in type IIB theories. In the former case the action is given in (1I.3T|) and in the latter 
case it is known to be [65l [50] 

Sd-iib = ^g: X \Z^\ + 2ni [ i A ievene"^ 2 . (V.9) 
Decomposing the RR potential A cwcn as 

ievene"^ 2 = C° " C°"« " (X - Co^ (V.10) 
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and using the identification ( IV. 5j) between the charges, one finds the same axionic couplings 
as in f ]I.37p provided the primed periods are shifted in a way similar to the charges 

Ca = Ca - AyeC A (V.ll) 

This result indicates that all symplectic vectors experience such a shift under mirror 
symmetry. This shift corresponds to a symplectic transformation whose meaning is to remove 
the quadratic term from the prepotential fll.28j) (or (IV.4p ) 

F\X) = F(X) - ^A AS X A X E . (V.12) 

Thus, in terms of primed variables, in the small coupling, large volume limit the metric on 
the HM moduli space is obtained from ( 11.361) by plugging in the cubic prepotential ( 11.151) . 

However, this is not yet what we want. We need a formulation which is explicitly SL(2, R) 
invariant. It can be achieved by a further change of variables which provides the classical 
mirror map [66] 

z a = b a + it a , C° = n, ( a = -( c a - Tl b a ), 

C = c a + 2 K abc b\c c - T X b c ), Co = c - - Kabc b a b\c c - nb c ), ( V-13 ) 

a = -2(tp + l-nco) + c a (c a - n b a ) - I n abc b a c\c c - Tl b c ). 
2 6 

The advantage of the variables appearing on the r.h.s. of (1V.13j) is that they are adapted to 
the action of SL(2,M.) symmetry. Under a transformation 



with ad — be = 1, they transform as 



ar + b am 7i / \ 

T 1 ^ —J, t 4t CT + rf Ca*-*Ca-C2, a e(g), 

ct + a 

c a \ (a b\(<?\ (c \ (d -c\/c 

b a ) \c d \b a r Ui \-b alU 



(V.15) 



It is straightforward to verify that the classical HM metric obtained by the change of variables 
(IV.13j) is indeed invariant under the action ( IV.15j) . 
Some comments are in order: 

• The continuous SL(2, M) symmetry holds only classically. Already a'-corrections to the 
holomorphic prepotential given by the last two terms in (1I.28j) break it. However, the 
discrete subgroup SX(2,Z) can be restored by including D(-l) and Dl-instanton cor- 
rections [32] and the full non-perturbative metric on A^hm is also expected to preserve 
this symmetry. 

• Combining the classical mirror map ( 1V.13j) with the expansion ( IV.lOp . one finds the 
following definitions of the RR scalars in terms of period integrals [7J [33] 



(A 4 -\b 2 N A 2 ) 



la 



(i 6 - B 2 A i 4 + ^ B 2 A B 2 A A 2 ) 



(V.16) 



60 



jl Type IIB formulation 



However, these expressions are meaningful only at the classical level. In general, we 
define the type IIB physical fields as those which transform under SL(2, Z) according 
to the law (IV. 15[) . Of course, this makes possible that the mirror map (IV.13P receives 
quantum corrections and one of our aims is to show how they can be obtained. 



The S-duality transformation (1V.15j) differs from the standard one |I7J |66] by the 



presence of a constant shift in the transformation law of the D3-axion c a . The shift 
is taken to be proportional to the multiplier system e(g) of the Dedekind eta function 
r](r) which is a fractional number defined, up to the addition of integers, by the ratio 

aT + b \ ,„ M - „27Ti £ ( S )/ , JU/2 



t] —— /t)(t) = e 2nl£[9) (cT + d) 1/2 . (V.17) 
V ct~ ~\~ d J 

The necessity to introduce this shift can be understood from two reasons which are both 
related to the effects induced by the matrix A\y, [35] - First, S-duality and the Heisen- 
berg symmetry (11.311) are not completely uncorrelated. The transformation generated 

by 9b — should actually be the same as the Heisenberg shift with parameter 

T]° = b. But without transforming c a , the mismatch ( IV. Ill) between primed (used in 
S-duality) and unprimed (used in Heisenberg symmetry) variables makes these two 
transformations different. Although this coincidence might seem to be not crucial, the 
second issue shows that it is really needed. The problem is that, in the absence of 
the shift of c a , the axionic couplings coming with D-instanton contributions are not 
invariant under the same transformation g b due to the fractional nature of the primed 
charges q' A . If this was the case, this would spoil the SL(2, Z) symmetry. Fortunately, 
the correction of the S-duality transformation of c a cures both these problems. 

1.3 Monodromy invariance and spectral flow symmetry 

There is another important symmetry which must be taken into account in the non-perturbative 
analysis of the HM moduli space. This is monodromy invariance originating from the pos- 
sibility to go around singularities in the moduli space of complexified Kahler deformations 
/Cx(2))- Since the metric on .Mhm must be regular, such monodromies should leave it invari- 
ant. Here we are particularly interested in the monodromy around the large volume point 
which is induced by a large gauge transformation of the B-field acting as 

b a ^b a + e a , e a GZ. (V.18) 



Moreover, due to the presence of the B-field in the definition of the RR scalars (TV.lOj) . the 
monodromy is accompanied by the symplectic rotation 

C° C° + ^C°, C -> C - KaU^ - \ K abc 6 b 6 C C°, 

2 (V.19) 
Co ^ Co - Ce a + 2 ^cCeV + - K abc e a e b eX°- 

Note that being rewritten in terms of the unprimed RR-fields, i.e. composed with the 
symplectic transformation (IV.lip . the symplectic matrix becomes integer valued. Indeed, an 
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easy calculation yields [35] 







p(M) 



/ 


1 








o\ 






s a b 










-^a(e) 


— K>abc€ C 


a 





\ 




L b (e) + 2A bc e c 


-e b 


1 / 



(V.20) 



where we introduced two functions 



L (e a ) = \ K abc e a e b e c + -L c 2 , a e a , L a (e a ) = i Ka6c e 6 e c - A a6 e 6 . 
6 12 2 



(V.21) 



Due to the conditions (IV.6I) . both these functions are integer valued for e"6Z which ensures 
our statement. 

A nice fact is that the D-instanton action (1V.9|) stays invariant under the above mon- 
odromy transformation if it is supplemented by a similar transformation of charges 



7 7[e] = P( M ) • 7- 



(V.22) 



Since the symplectic matrix is integer valued, the transformation preserves the charge lattice 
and is therefore admissible. In the following we call it spectral flow. 

Due to the invariance of the D-instanton action, the combined action of the monodromy 
and the spectral flow preserves also the BPS indices fif/yju), where we indicated explicitly 
their piecewise constant dependence on the Kahler moduli. This dependence is important 
since the spectral flow alone in general does not leave the indices invariant [67]: the trans- 
formation can change the position of walls of marginal stability and a given point in the 
moduli space may turn out to fall in a different chamber. 

Given this "spectral flow symmetry" , it is convenient also to introduce combinations of 
charges which are invariant under the spectral flow. Such combinations are easily computed 
and are given by [35l [68] 



J>V : q a = q' a + 77 ^abc^r-, 

2 p u 

P° = A , 1 

p^0 : q °- q *-2 



Qo = q 



p° 



1 p a p h p c 



(V.23) 



Qo = %- ^ ab q' a q' b , 



where we distinguished two cases and introduced the matrix n ab = K abc p c together with its 
inverse K ah . If not the dependence on the moduli, one could say that the BPS indices are 
functions of these charges only. Finally, it is important to note that for p° = the invariant 
charge is bounded from above, 



go < g max = l~ A (K abc p a P b P c + c 2 , aP a ) . 



(V.24) 



2 S-duality in twistor space 

The characteristic feature of the type IIB formulation is the S-duality symmetry. In our terms 
it is generated by the transformation ( 1V.15|) of the type IIB physical fields parametrizing the 
HM moduli space. However, as we saw in the previous chapters, quantum corrections to the 
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HM metric are naturally formulated at the twistor space level. Therefore, it is natural to 
ask how S-duality acts on the twistor space and which constraints it imposes on the twistor 
construction. In this section we answer these questions and moreover provide a reformulation 
of the D-instanton corrected twistor space of chapter [TV] which explicitly respects S-duality. 



2.1 Classical S-duality 

We start from the classical twistor space which is described by the Darboux coordinates 
(lIII.2j) with the classical prepotential (jV.4|) . As usual, it is convenient to define the primed 



variables 



£' A = | A - A AS £ A , a' = a - 1 A A ^. (V.25) 



In the patch Uq they are given by the same expressions but with £ A replaced by (' A and with 
the prepotential given by F' cl = -| K <*cX°x b x c _ 

As was mentioned in section UT1I2.44 all isometries of a QK manifold can be lifted to a 
holomorphic action on its twistor space. In particular, this implies that S-duality, represented 
in the classical approximation by the SL(2,M) symmetry group, should have a holomorphic 
representation on the Darboux coordinates £ A , £a and a. This indeed turns out to be the 
case provided the fiber coordinate t transforms as 

1 + t^t t c /-t 

t m- —, = ± V.26 

t M -t 1 + tft 

where t± d denote the two roots of c£°(t) + d — 

d = cT 1 + dT\cr + d\ ^ ^ = _ L 

Then the transformations (IV. 151) . the mirror map (IV.13j) and the explicit expressions for the 
Darboux coordinates in the classical limit in terms of the type IIA fields lead to the following 
non-linear holomorphic action in the patch Uq [33] 

a' J ^\-b a) {a'J + Q Kab * * * ^-[c^ + b) + 2c]/(c£° + df 
Moreover, one finds that 

e ^U^j' K z ^K z -\og(\cZ° + d\), x®y+jX^— (V.29) 

so that the Kahler potential varies by a Kahler transformation and the complex contact 
structure stays invariant. This ensures that S-duality is indeed a symmetry of the classical 
twistor space. 



(V.28) 
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2.2 Inclusion of instantons: general construction 

The action of S-duality in the classical approximation (IV. 281) has been obtained using ex- 
plicit expressions for the Darboux coordinates. The only non-trivial step was to find the 
correct transformation of the fiber coordinate (IV. 261) . However, once we include instanton 
corrections, we do not have such expressions at our disposal anymore. Instead, the Darboux 
coordinates are determined by complicated integral equations and in the best case can be 
expressed through integrals of type (11V.15I) . Therefore, the first natural step would be to 
understand how such integrals, or more generally the integrals of type 

££f^(«). (V.30) 



transform under S-duality. 

To discuss this issue, we restrict ourselves to the instanton corrections with the vanishing 
five-brane charge p° = 0. As is clear from (1IV. 16j) . this ensures that the Darboux coordinate 
£° remains uncorrected and is given globally by the same classical expression (1III.2I) . This 
implies in turn that the transformation of t should also be unchanged and one can use the 
formula (TV261) . 

But now we arrive at a problem: the measure and the kernel in the integral ( IV. 301) 
transform in a complicated way which does not allow for a simple geometric interpretation. 
Fortunately, this problem can be cured by a modification of the integration kernel which 
amounts just to a coordinate redefinition on the moduli space [69]. Let us define 

K{t > t) = 2 {— + iJTT^ J = (t'-t)(i/t' + t')- (V ' 31) 

Then it is easy to check that K(t,t') ^- is invariant under S-duality|§ Since K(t,t') differs 
from the original kernel by a t-independent term, this additional contribution can be ab- 
sorbed into a redefinition of the constant terms in the t-expansion of Darboux coordinates. 
Thus, to write them in terms of the new kernel, it is sufficient to redefine £ A , £a and a. After 
this redefinition, we are ready to give our main result. 



2 To understand the origin of the new kernel, it might be helpful to change the fiber coordinate to |68| 

t + i 

z 



t - l 

In its terms one has 

. 1 + z >n . 1/z + z 

t = — 1"= , £°=T1+1T 2 -^ . 

1 — z 1/ z — z 

The new coordinate has the advantage of having a simpler transformation under S-duality 

cf + d 

z i ^ z. 

\cr + d\ 

Moreover, it provides a very simple representation for the new kernel 



, .. dt' I z' + z dz' 



which makes its invariance transparent. 
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The following theorem not only shows how S-duality is realized to all orders in the 
instanton expansion in the absence of five-brane instantons, but also gives conditions on the 
transition functions ensuring the SL(2, Z) symmetryU 

Theorem |69| : Let the twistor space Z is defined by the covering 

Z = U UU + UU_U {u' m>n u m ,n} , (V.32) 

where the patches U± cover the north and south poles ofCP 1 , U m .n ore mapped to each other 
under the antipodal map and S X(2,Z) -transformations 

T [U m ,n] — Ur{m),T(n), (V.33) 

U m , n ^ W mW , ( m ') = ( I ° ) ( m ) , (V.34) 



11 



and Uq covers the rest. The associated transition functions are taken to be 

H [+o] = F ci ({ a ]); ^[-o] = pa^A ]); H [ M o] = Gm ^ mMy (v.35) 

where the holomorphic functions G m ^ n are required to transform under SL(2, Z) as 
G > > c K abcd^io]G m ' >n >d^o}G m ' >ri ' / 2 \ 

Gm > n * Wtd - 2 a ~WT4 2 " 3 %^>'J + res- (V.36) 

where +reg. denotes equality up to terms regular in the patch U m ^ n i. 
Then the following statements hold: 

1. The Darboux coordinates in the patch Uq, as functions of the fiber coordinate t, are 
given by the following expressions: 

e = C°+y(t- 1 -t) I 

£[0] = Cd + t-^-t^ + X) / 2^W K M d ^ G rn,n, 

m,n JC rn,n 

4 0] = Ct + ^n\Y)-tn\Y)-J^ <f ^K(t,t')d^ n G m , n , (V.37) 

m,n JCrn,n 



a 1 



-\(° + C A Ca) c1 - ft" 1 + *) (t-'F"(Y) + tF"(Y)) - Ci (t-'Ff(Y) - tFg(Y)) 



E' £ [*<*> o (i - «£*<f)<o c- 

m,n J Cm ' n 



.- 1/t/ + t/ -<%]G m , n 

where C m , n are contours on CP 1 surrounding U m ,n in the counter-clockwise direction 
and T2, C°, Cci5 Cv\ 5" c1 ; E a are some coordinates on the QK base. 



3 To avoid cluttering of notations, we omit primes on the RR fields, Darboux coordinates and holomorphic 
prepotential. Thus we ignore the effects due to the matrix A^.- But they can be easily restored by 
performing the corresponding symplectic transformation. The primes on sums over m, n will denote that 
the value m = n = is omitted. 
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2. Provided these coordinates are identified with the following combinations of the physical 
type IIB fields 

C° = ti, Q = -(c a - n b a ), 

(a =Ca + l Kabc b\c C - T^), (o = ^ ~ \ ^abc &°&V - T J>% 

2 o 

a cl = -2(V + \t iCq ) + c a (c a - Tl b a ) - \ n abc b a c\c c - nb c ) + % n abc b a b b b c , ( v - 38 ) 
2 o 6 



n To To ■K-^l f dt 9~[0]G 

Y° = -, Y a = - (b a + it a ) + 



r 2 " t^^ 27rit2 (l/t + t) 2 ' 

the Darboux coordinates (IV.37|) transform under SL(2, Z) transformations (jVJ~5]) and 
(IV.26P according to the classical laws (IV. 281) . 

c?. Tne same transformation rules hold also in the patches U m ,n, with the understanding 
that the Darboux coordinates appearing on the r.h.s. are those attached to the patch 
U m >,n>, e.g. ^ n] ^^ mty] /( c e + d). 

4- The contact potential is given by 

e* = — K abc lmY a lmY b lmY c (V.39) 
3t 2 

ry-r, -n " Cm. . 71. 



1671" 

I 

and transforms under SL(2, Z) as m ()V.29j) 

,4s a result, the quaternion- Kahler manifold associated to the above twistorial data carries 
an isometric action of SL(2,Z). 

Some comments are in order: 

• The patches U m ,nM± are n °t necessarily all different. Typically, lA m ^ n are associated 
to zeros of m£° + n denoted above by t±' n . Then one might have i4m,fcn = Mm,n for 
k G N and U± coinciding with £Yo, n for n > and n < 0, respectively. If this is the 
case, the functions G m ^ n should be defined for m, n coprime only. 

• Another possibility is to include open contours similar to the BPS rays appearing in 
the type IIA description. In fact, all previous statements hold for an arbitrary set of 
contours C m>n mapped unto each other by SL(2, Z). For example, C m ^ n can be an open 
contour from t+' n to t™' n . In this case however the structure of patches might be more 
complicated. The only requirement on the covering is that it is invariant under the 
antipodal map and SL(2, Z) transformations so that a patch Hi is mapped to some 
patch Ui cd . The Darboux coordinates in each patch are given by the formulas ()V".37j) 
and transform under S-duality by (lV.28j) where the coordinates on the r.h.s. are from 
the patch U ic d . 

• If the transition function G m ^ n is associated with such an open contour, the regular 
terms in its SL(2, Z) transformation are not allowed anymore. In other words, the 
transformation (IV.36|) should be exact, because in this case the transition function 
already represents a discontinuity through a logarithmic branch cut. 
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If not the quadratic and cubic terms in G mj „, the transformation law (1V.36j) would 
simply mean that the transition functions are similar to modular functions of weight 
(—1, 0). More precisely, such a modular function would arise as a formal sum of G m>n 
over all patches. However, the non-linear terms spoil the simple modular transforma- 
tion. They appear due to the fact that the arguments of transition functions are taken 
in different patches and are completely similar to the quadratic terms in (UV.lOj) . But, 
in contrast to the situation in type IIA theory, it is not known whether there is a 
simplified description which allows to get rid of them. 



Note that the coordinate change (IV.38P is almost identical to the classical mirror map 
( 1V.13p . There are only two differences. First, Y a (usually related to z a ) acquires an 
additional instanton contribution. Second, the coordinate a cl differs from a in (1V.13|) 
by the presence of the last term. Although it is a classical contribution, it was absorbed 
into cx cl to simplify the expression for a in terms of Y a . 



• This theorem assumes that the functions G m ^ n are independent on £ an d a, which 
is equivalent to the ignorance of five-brane instanton corrections. At the moment, it 
is known how to generalize the above results to include such dependence only in the 
one-instanton approximation [69]. As one could suspect, in this approximation the 
S-duality invariance is again ensured by the requirement that the transition functions 
transform with the modular weight (—1,0), i.e. their transformation should be given 
by the first term in ( 1V.36|) . 



• Finally, note that all anomalous dimensions are taken to vanish. On the other hand, 
on the type IIA side the anomalous dimension c a is non-zero and encodes the one-loop 
g s -correction to the HM metric (see section HTT1l2.ip . This implies that in the type IIB 
twistor space the one-loop correction appears from a completely different origin. 



These results provide a general framework for the twistorial construction of the HM 
moduli space in the type IIB formulation. All D(-l), Dl and D3-instanton corrections should 
fit the conditions of the above theorem. In particular, the transition functions generating 
these corrections should transform according to (IV.36[) . But this theorem does not answer 
to the main question: what are these transition functions? The theorem does not specify 
them, but only imposes conditions on their transformation properties. On the other hand, if 
mirror symmetry does hold at quantum level, the resulting moduli space should agree with 
the one constructed in the type IIA formulation. Thus, there should exist a resummation 
procedure which, starting from the description of chapter IIV[ allows to find the transition 
functions relevant in type IIB theory and they should automatically satisfy the required S- 
duality constraint (IV.36|) . This might be considered as a very non-trivial test of consistency 
of the type IIA construction. Below we report on the results in this direction. 

This reasoning does not apply to D5-brane instantons. They are not invariant under 
S-duality and therefore should be treated separately. In fact, S-duality mixes them with 
NS5-branes. This fact will be used in chapter |VT] to generate the latter corrections and thus 
to get an access to the complete non-perturbative description of .Mhm- 
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2.3 D(-l)-Dl-instantons 

Let us first consider D(-l)-Dl-instanton corrections, i.e. those which have vanishing magnetic 
charge p A . In this case one has great simplifications. First of all, as indicated in section 
IIVII1.31 in the sector with vanishing p A the linear instanton approximation for Darboux 
coordinates becomes exact so that they are not given by complicated integral equations, 
but known explicitly. Moreover, since the transition functions should be £a- independent, 
all non-linear terms in the transformation law for G m ^ n (1V.36|) vanish and the transition 



functions in the type IIB formulation are expected to originate from a simple modular form. 

How the type IIB description of this sector, fitting the theorem of the previous subsection, 
arises from the type IIA construction of D-instantons has been shown in |39]E| The idea is 
that one should perform a Poisson resummation of the Darboux coordinates with respect 
to D-brane charge go- Then the couple of integers (m, n) from the theorem originates as 
follows: n appears in the process of Poisson resummation as the integer conjugate to go and 
m comes from the expansion of the dilogarithm in the type IIA transition functions, i.e. it 
counts mult i- covering effects. 

The resulting twistor space can be described by the covering flV.321) where U. m) n surround 
t+' n (see Fig. IV. lj) and by the transition functions (1V.35|) with 



\ _ „— 2-n\mqai a 

G D1 (£) = — V n (0) — m ± 

[2irr ' H m jS [mE v + n) 

^« MB} (V40) 
G Di (n _ H4 j (o) e '_ 

9a7 a 6H+(21)U{0} 

It is easy to check that they do satisfy the transformation property 

G m , n ^ c0 , + reg. V.41 

and the possibility to drop the regular terms is important. Note also that Xln>o^o ) n. P ro_ 
vides the sum of the one-loop and worldsheet instanton a'-corrections to the prepotential 
(11.28ft . Since W 0j „ = U + , they are combined with its classical piece given by if to the full 
holomorphic prepotential. 

Although this twistor space looks completely different from the one we started with on 
the type IIA side, it turns out that they are related by a certain gauge transformation. 
This means that in different patches one should perform certain contact transformations 
generated by regular functions. However, these generating functions can have singularities 
outside their patch of definition. As a result, the transformed Darboux coordinates may 
have different singularities than the initial ones and the covering should be adapted to the 
new analytic structure as well. In this way a careful analysis allows to relate the melon-like 
type IIA picture to the type IIB formulation given here. 



4 In fact, D(-l) and Dl-instanton contributions have been obtained before the invention of the type IIA 
construction based on the BPS rays and played an important role on the way to it |32j . However, these 
contributions were found only in the form of corrections to the hyperkiihler potential (|II.30|) on the associated 
HKC. Neither the complete twistor formulation, nor its relation to the type IIA twistor space were known. 
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Fig. V.l: The covering and transition functions incorporating D(-l)-Dl-instantons. 



Finally, note that the formula flV.39j) for the contact potential can be easily evaluated 
and gives the following result 



6 2 V[) + 8(2tt)3 



3/2 



9a | mr _|_ n |3 



1 + 27r mr + n g f ) e 



(V.42) 



which was first obtained in [32] by starting from the one-loop expression and by enforcing 
the SL(2, Z) symmetry. Here 



S m>n ,q a = 2nq a \mT + n\t a - 2mq a {mc a + nb a ) 



(V.43) 



is the classical action of a Dl-D(-l)-instanton or, more precisely, an Euclidean (m, n)-string 
wrapped around the effective curve q a l a - 



2.4 D3-instantons 

This sector is already not so well understood and at the moment only some preliminary 
results are accessible in the linear instanton approximation. To present these results, we 
restrict ourselves to the sector with fixed D3-brane charge p a because it should be preserved 
by S-duality. Besides, we replace the integer-valued BPS indices ^(7; v) by rational invariants 
constructed as 

^(r,v) = J2j2 n ^/ d ^)- ( v - 44 ) 

They encode mult i- covering effects and allow to replace the dilogarithm in the transition 
functions flIV.2j) by simple exponential. Thus, our starting point is 



with the charge vector restricted to 7 = (0,p a , q a , q ). 
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Fig. V.2: The set of open contours and transition functions incorporating D3-instantons. 



The advantage of the rational invariants is the possibility to use a combination of the 
spectral flow symmetry (1V.22j) and modular invariance. In our approximation one can neglect 



the dependence of 0(7; v) on the Kahler moduli and then their invariance with respect to 
the spectral flow symmetry allows to write that 

n(0,p a ,q' a ,q' o ) = n p a^ a (q o ), (V.46) 

where go is the invariant charge (IV. 231) and fi a is the residue class of q' a ^ a modulo the 
sublattice A = {■y a n a f ) e b , e a ^ a £ H^Y,^)}. These quantities can be used to construct the 
following function 

V,/Jt)= Yl *W(?o)E(-g T), (V.47) 

<70<C aX 

which is known to be a vector- valued modular form of weight (— y — 1,0) with multiplier 
system given by E(c2 t aP a £(g)) [ZQl EE1 E7J where e(g) is the same multiplier system of the 
Dedekind eta function which appears in (1V.15|) . The crucial property of the function h p a^ a {r) 
is that it is completely determined by its polar part consisting of the terms in the sum which 
are singular in the limit r 2 — > 00. As a result, all f2 p a iAta (g ) for negative g can be expressed 
in terms of just a finite number of rational BPS indices given by Q p a iMa (go) for < go < g™ ax . 
We refer to [721 [71] for the explicit expression. 

After using this result for the rational invariants, one can show that the resummation 
over (negative) go leads to the following ansatz for the transition functions [68] 



G^, r , qa = ^(^o + n)E(-^A ab p a p b \ £ Q p ^ a (g ) (-1)^ (V.48) 
xEfpVfl] - (g + l^q'A g m , n {e] - q' a g m A^ 



m(m£° + n) 



where 



00 



R w {x) = 1 - — / e~ z z~ w dz (V.49) 

1 (1 — w) 
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and g m>n is the SL(2, Z) group element (IV. 14ft with c = m, d = n acting on the Darboux 
coordinates by the transformation law (1V.28|) . Up to the last factor, which was studied in 
detail in [7T], it is immediate to see that under S-duality these functions do transform as 
required by the theorem of section 12.21 i.e. according to (lV.4ip and without the necessity 
to drop any regular contributions. Thus, one gets the first sign that the D3-instanton sector 
admits a consistent implementation of S-duality. 

Moreover, note that the functions (IV.48I) have essential singularities at t = t™' n . This 
indicates that they should be associated with contours G m ^ n<p a Aa joining these two points on 
CP 1 (see Fig. IV. 21) . As a result, the complete set of contours is given by an infinite number 
of copies of the melon-like picture, which we had in type IIA, rotated into each other by 
SL(2, Z) transformations so that it is consistent with the action of S-duality. However, the 
details of this construction, as well as its extension to all orders in the instanton expansion 
remain still unclear. 



3 Non-perturbative mirror map 

Once we understand how S-duality is realized at the level of the twistor space, we can address 
another important issue: the non-perturbative mirror map. The problem is that, to apply 
mirror symmetry, one needs a relation between the type IIA and type IIB physical fields, 
which maps the hypermultiplet metrics in the two mirror formulations into each other. In the 
classical approximation such relation is furnished by the classical mirror map (IV.13p . But 
it is expected to receive all possible quantum corrections, both in a' and g s . The relation 
including these corrections will be called non-perturbative mirror map and can be viewed as 
a realization of quantum mirror symmetry. 

In general, to find quantum corrections to the mirror map is an extremely complicated 
problem because the only condition which fixes the mirror map is that after its application 
the metric must be invariant under the action of SL(2,Z) (1V.15|) . However, this condition 



becomes more explicit once we lift it to the twistor space because here SL(2, Z) should act 
not only isometrically, but also holomorphically. As a result, this condition gives rise to a 
self-determining system where the consistency between mirror symmetry and S-duality is 
enough to find both of them. The consistency condition can be formulated as the following 
equation 

E(m[0 ■ qim],g ■ t) = g ■ S, (V.50) 

where H denotes all Darboux coordinates, que are the type IIB physical fields, g- is the action 
of an SL(2, Z) transformation and m is the non-perturbative mirror map. This condition 
means that the SL(2, Z) action on Darboux coordinates can be evaluated in two ways. The 
first one, which is shown on the l.h.s., uses the explicit expression of the Darboux coordinates 
following from our twistor construction in the type IIA formulation. Of course, it gives them 
as functions of the type IIA fields. Therefore, to evaluate the action of g, one needs to 
use the (to be found) mirror map which expresses them in terms of the type IIB fields 
whose transformations are known by definition. The second way, shown on the r.h.s., is a 
holomorphic action of SL(2, Z) directly on the Darboux coordinates. In the classical limit 
it is given by (IV.28|) and in principle one could expect that it gets modified by quantum 
corrections. However, all our results indicate that it actually stays the same at the full 
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non-perturbative level [19]. Thus, the equality (1V.50j) of the two SX(2,Z) actions provides 



a very non-trivial condition on the mirror map m. 

In fact, the theorem from section I2T21 essentially gives a solution to the equation (lV.50p . 
Indeed, the relations (IV.38|) substituted into the Darboux coordinates (IV.37|) show how the 
latter depend on the type IIB fields so that S-duality is correctly realized. In particular, 
they ensure the holomorphic transformations flV.28j) . Thus, the only thing which remains to 
be found is a relation between Q h cx cl , Y a and the type IIA fields. This relation in turn 
follows from the change of the kernel as described on page [6D For example, restricting to 
the Dl-D(-l)-instanton sector and in the presence of all a'-corrections, one finds 

/-a _ /-a, \ra _ T 2 a 

s.ci — s > ~2 



&-5 E Islfel^ (V - 51) 



7 =(0,g A ) > '^ 



a - | (s * + * m + V + E J *_ 1^1 (1 - ({ A - jC A ) %) H 7 . 



7=(0,9A) 7 

Resumming over q , one can express the same relation in terms of the transition functions 
of the type IIB formulation (IV.40I) . The instanton terms will be given by contour integrals 
with the contours surrounding the points t™' n . Such integrals can be easily evaluated and 
therefore in this case it is possible to write the mirror map in a very explicit form. We refer 
to [19] for the explicit expressions. 

This result completely solves the problem of quantum mirror symmetry in the approx- 
imation where five-brane and D3-instantons are neglected. The latter corrections are still 
described by the theorem, so the relations (IV. 381) solve the most difficult part of the problem. 
However, it still remains to relate a cl to the type IIA axionic fields. This should be 

done by a resummation of the Darboux coordinates which should bring them from flIV.16j) 



to the type IIB form (lV.37j) . Unfortunately, as was mentioned in section |2~4"1 this has not 
been done yet in a satisfactory way. 

For five-branes the situation is even more complicated because the corresponding correc- 
tions are expected to affect even the SL(2, Z) transformation of the fiber coordinate t fjV.26|) . 
Moreover, S-duality requires to include into consideration NS5-brane instantons, which re- 
main unknown on the type IIA side. Thus, even before addressing the issue of quantum 
mirror symmetry in the presence of five-branes, we need to understand how to generate the 
NS5-brane instanton contributions. This will be the subject of the next chapter. 
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Chapter VI 

NS5-brane instantons 



The instanton corrections coming from NS5-branes are the last missing piece of the con- 
struction of the complete non-perturbative geometry of the hyper mult iplet moduli space (at 
least in type IIA picture). In this chapter we present a progress in understanding the gen- 
eral structure of these contributions and an attempt to incorporate them into the twistor 
description of A^hm- 

There are several reasons why the NS5-brane contributions are difficult to find. Let us 
point out some of them: 

• First of all, the NS5-brane is a complicated dynamical object whose dynamics is not well 
understood. In particular, its world-volume theory, especially in the case of multiple 
fivebranes, is not known to the full extent. 

• In the type IIA formulation, it is expected that the world- volume theory involves a self- 
dual 3-form flux H which is an electric source for the RR 3-form potential A 3 [73| [71]. 
The self-duality constraint implies that fluxes on three-cycles 7, 7', corresponding to 
D2-NS5 bound states, cannot be measured (nor defined) simultaneously if the inter- 
section product (7, 7') is non-vanishing. A mathematical consequence of this fact is 
that the NS5-brane partition function cannot be a simple function, but only a section 
of a certain bundle. 

• Another complication is that, upon inclusion of NS5-brane contributions, all continuous 
isometries of the moduli space A^hm become broken. In particular, this implies that 
one does not have the QK/HK correspondence at our disposal anymore and one has 
to apply the full machinery of the contact geometry. 

• Finally, since the NS5-instantons introduce dependence on the NS-axion a, it becomes 
now important to take into account the full Heisenberg symmetry group ( 11.31 j) . includ- 
ing its non- commutative nature. Due to this, one can expect the same complications as 
passing from a classical theory to its quantum version where the role of the quantization 
parameter is played by the NS5-brane charge. 

Besides these issues, there are many other subtleties all of which require a special care. 
In particular, there is a subtle interplay between the description of instanton contributions 
and the topology of the moduli space. Therefore, before attacking the problem of NS5-brane 
instantons, we analyze the topological structure of A^hm and its implications. 
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1 Topological issues 

The global structure of A^hm can be specified by providing a group of discrete identifications 
of the coordinates parametrizing the moduli space which act isometrically on it. Besides 
symplectic invariance and S-duality, one has two additional discrete symmetries provided by 
Heisenberg and monodromy transformations (see section Hll2.ip . What we need is to better 
understand their action and what it implies for NS5-brane contributions. 

Let us concentrate for simplicity on the type IIA formulation. In type IIB the picture 
is completely similar and can be obtained using mirror symmetry. At fixed, vanishingly 
small string coupling g s and ignoring the NS-axion (i.e., modding out by translations along 
a, which are symmetries of the perturbative theory), the "reduced" HM moduli space is 
known to be topologically the so called intermediate Jacobian J c (%)). This is a torus bundle 
over the complex structure moduli space /Cc(2)) with fiber T = iJ 3 (2), M)/iJ 3 (2), Z), which 
parametrizes the space of harmonic RR three-form fields C over 2) modulo large gauge 
transformations [75]. This is precisely the topology consistent with the structure of D- 
instanton corrections (1I.3T|) where the axionic couplings arise as periods of C over the cycle 



wrapped by the brane. 

The next step is to include in this picture the NS-axion a. It parametrizes a certain 
circle bundle Cnss over J c (%)) an d our primary goal is to understand the topology of this 
bundle. This can be done on the basis of two observations. First, let us consider the general 
structure of NS5-brane corrections to the metric shown in (11.391) . We can also write them in 
the following form 

Sds 2 \ NS5 ~ e -W-*** C A f fa (VL1) 

where the tensorial nature of the metric was ignored. The second factor can be interpreted 
as a partition function of k NS5-branes. An important observation is that consistency of the 
instanton correction fIVI.lj) requires that e mka and ZjJss 

are valued in the same circle bundle. 



Although it could seem to be a rather trivial statement, in fact, it leads to certain 
restrictions on both the partition function and symmetry transformations of the NS-axion. 
For example, let us consider the restriction of the circle bundle Cnss to the torus T. It is 
known [TB] that the bundle where the fivebrane partition function 2^ 5 lives has a restriction 
such that its first Chern class coincides with the Kahler class of T 

ci(C NS5 )|r = oo r = dCy A dC A . (VI.2) 

This means that the partition function should transform non-trivially under the large gauge 
transformations of the RR-fields. The precise transformation, and correspondingly the fi- 
bration of Cnss over the torus T, is specified by a choice of quadratic refinement onssCt), 
which satisfies the same defining relation (IIV.4I) as the one for D-instantons and can equally 
be expressed in terms of characteristics = (9 A ,<f>\) as in (lIV.5j) . Although it is tempting 



to identify the characteristics and 0d for two types of instantons, we refrain from doing 
so as a priori there is no reason for them to coincide. Then the partition function satisfies 
the following twisted periodicity condition 

C + H) = (a (H)) k E Q^Ca - ^aC A )) C), (VI.3) 

where we abbreviated C = (C A , CO and H = {r] A .fj A ) e H 3 (Z),Z). 
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Now we return to the instanton correction ( 1VI.1I) . Since it must be invariant under the 
large gauge transformations, the condition (1VI.3j) immediately gives the shift of the NS- 
axion which must accompany the transformation of the RR- fields. As a result, we have the 
following symmetry generators 

T' HiK ■ (C A , Ca, a) H> (C A + V A , Ca + fj A , a + 2k - f, A ( A + V A ( A + 2c(H)), (VIA) 
where (H, k) e H 3 (Z), Z) x Z and 

c(H) = ~ V A fj A + f, A 6 A - V A <p A modi, (VI.5) 

so that <jq(H) = (—l) 2c ( H \ One observes that the generators T' H K are almost identical to 
the generators of the Heisenberg algebra fll.31j) . The precise relation is given by T' H K = 



Th,k+c(h)- Thus, our topological considerations have revealed an extra shift to be added to 
the naive Heisenberg transformations [54]. This extra shift is important for consistency of 
the group action and effectively abelianizes the non-commutative Heisenberg algebra when 
one considers it on functions of the form Fk(C, C, a ) = elnka Fk((, 0- 

So far we discussed how Cnss fibers over the torus of the RR-fields, which is encoded 
in the action of the Heisenberg symmetry (1VI.4I) . It remains to understand the fibration of 
Cnss over the complex structure moduli space /Cc(2)), which is tied with the monodromy 
transformations. To this aim, we use our second observation that the perturbative metric 
(IIII.12P suggests that the connection defining C N g 5 is determined by the one-form Da (1III.13P 
whose curvature is given by 

— J = ut+t^ujsjc, (VI.6) 

where cuj- and ujsk. — ~^^Ak are the Kahler forms on T and /Cc(2)), and the coefficient 1/2 
takes into account that a has periodicity 2. The first term is in nice agreement with (lVI.2p . 
On the other hand, the second term in (IVI.6I) . originating from the one-loop correction to 
the HM metric, has support on /Cc(2)) and implies that the NS-axion picks up anomalous 
variations under monodromies. Indeed, it is easy to check that the following transformation 

C^p{M)-C, a^a + ^-lmf M + 2K{M), (VI.7) 

where M is a monodromy in /Cc(2)), Jm is a local holomorphic function determined by the 
rescaling Q i— > e^'Q of the holomorphic 3- form around the monodromy and k(M) is an 
undetermined constant defined modulo 1, is a symmetry of the metric (1III.12p . It is very 
important to keep the constant contribution given by the last term since without it one easily 
ends up with an inconsistency: a trivial rescaling Q i— > e 2nl Q would lead to identifications 
a ~ a + Xsg/12 in conflict with the periodicity modulo 2 of a. Thus, consistency requires 
the introduction of a unitary character of the monodromy group, e 27rlK ( M ) [5_U [35] . Then 
the instanton correction (IVI.lj) implies that the fivebrane partition function should undergo 
a similar anomalous transformation. As we will see in section [31 this may have further 
implications for topological string amplitudes. Unfortunately, the explicit form of the unitary 
character remains unknown so far. 
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2 Fivebrane corrections to the contact structure 
2.1 S-duality on the job 

As follows from the duality chain presented in Fig. II.lt the most direct way to get NS5-brane 
corrections to the HM moduli space metric is to use the SL(2, Z) symmetry of the type IIB 
formulation. It exchanges D5 and NS5-branes and therefore allows to get the latter contribu- 
tions once we know the former. However, what we know exactly is not D5-brane corrections, 
but D2-instantons in type IIA. D5-instantons follow by applying the mirror map, but as we 
discussed in the previous chapter, the mirror map is not known at the full non-perturbative 
level. Without its non-perturbative completion, we can get only a quasiclassical or one- 
instanton approximation to D5 and consequently to NS5-brane corrections. Nevertheless, 
already such a result would represent a substantial progress. Here we are going to present 
the corrections to the contact structure which result from such analysis and which have been 
found in |35j . 

We proceed as follows: start from the known expression for D2-instanton contributions 
with charge vector 7 = (p° 7^ 0,p a , q a , go) neglecting all multi-instantons, apply the classical 
mirror map (IV.13j) which maps D2-branes to D5-D3-D1-D(-1) bound states, and sum over 
all images under SL(2, Z). The transformation matrix is chosen to be 

P /p°) e5£ < 2 ' z )- < VL8 > 

where one takes (c,d) = {—k/p°,p/p°) to run over coprime integers and the integers (a,b), 
ambiguous up to the addition of (k/p°, —p/p°), are chosen such that ap + bk = p°. Then p° 
is identified as gcd(jo, k), whereas k will be interpreted as NS5-brane charge. 

One can perform this procedure directly at the level of the twistor space. This ensures 
that, even working in the quasiclassical approximation, one satisfies all constraints of QK 
geometry. In this approach an instanton correction is encoded in two pieces of data: a contour 
on CP 1 and a holomorphic function on the twistor space which describes the transition 
function associated with the contour. For D-instantons these data are given by the BPS 
rays i 1 (lIV.ip and the functions H y (lIV.2p . It will however be useful to pass to the rational 
BPS invariants ^(7) ( TV 441) . as has been done for D3-instantons. Thus, our starting point 
is provided by 

H, = ^y 2 *b(7) E(>& - q^ A ) , (VI.9) 

where we passed also to the primed charges and Darboux coordinates, ( 1V.5I) and ( IV. 251) . 
After this change, no mirror map is already required, since the primed variables are those 
which properly represent the action of SL(2, Z) (1V.28|) . As a result, the new data which are 
supposed to introduce NS5-brane corrections are given by 

Hk, P fy = 9 ■ Hy, h, P>1 = g-£y, (VI. 10) 

where 7 = (p a , q a , go) denotes the remaining D3-Dl-D(-l)-charges and the hatted charges q\ 
denote the combinations (1V23|) invariant under the spectral flow. 
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Using the S-duality action (IV. 28ft . one easily finds [35 



fc ' p '^ = " (2^p ^ " " ^ a o(7)E^5 Q + k 2£o_ n o) + a — - ^.-P £ ^) J 

(VI.11) 

where 

S a = a + n A f A + F cl (£ - n) - \ A AS n A n s , (VI.12) 

and we denoted n° = p/k, n a = p a /k, valued in 7i/k. The factor (p — k^°)/p° has been 
introduced to ensure that the functions ( 1VI.11I) satisfy the transformation law (1V.41I) with 
G m ^ n ~ -f^-mp°,np°,7 (without regular contributions). As a result, they satisfy the extension of 
the theorem of section 12. 2\ mentioned on page [671 which allows the dependence of transition 
functions on £ and a. 

On the other hand, the transformation (TV.26p . which is still valid in our approximation, 
can be used to find the contour £k, P ,^- It is easily seen to be a half-circle stretching between 
the two zeros of £° — n°, which are nothing else but the points tj_ ' p . As a result, one obtains 
exactly the same picture as one had for D3-instantons in Fig. IV. 21 This shows that in type 
IIB fivebrane instantons are nicely combined with D3-instantons. 

2.2 Consistency checks 

Altogether Hj.^ and £k,p,^y provide the data which are expected to encode the fivebrane 
corrections to the contact structure of the type IIB HM moduli space in the one-instanton 
approximation. However, before we can actually claim that the deformation they induce 
correctly introduces fivebrane instanton corrections, they should pass several consistency 
checks. Here we present two very non-trivial tests which allow to consider them as a serious 
candidate for the right description of fivebrane contributions. 

Heisenberg and monodromy transformations 

Besides S-duality, A^hm should carry an isometric action of the Heisenberg symmetry and 
monodromy invariance. In section [1] we found how these symmetries should be realized at 
the non-perturbative level: they are given by (1VI4|) and (I VI .70 . respectively. As usual, they 



can be lifted to a holomorphic action on the twistor space and should preserve the contact 
structure. In our terms this implies that the transition functions and the associated contours 
are mapped to each other, i.e. the image of H kp ^ should be Hk&'ft f° r a suitably chosen 
map (p, 7) H- (p'jj'), with the contours ik^,^ following the same pattern. 

In [35] it was shown that our twistorial data, Hk,p^ and £k,p,>y, do satisfy this condition 
up to some phase factors. More precisely, one has 

T'h :K ■ Hk,pfi = K^^p-W^MWp ]' ^ a ' Hk,p^[ P e/p a ] = v 1 (e)Hk, p fi[-pe/pO], (VI. 13) 



where *f[e] denotes the image of the charge vector 7 under the spectral flow fjV.221) with 



parameter e a , and u(rj), v'ie) are the constant phase factors which can be found in [35]. The 
cancelation of all dependence on the Darboux coordinates in the symmetry transformations 
flVI.13p is very promising, but the presence of the phases indicates some tension between 
S-duality, Heisenberg and monodromy invariance and suggests that it may be necessary to 
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relax some of our assumptions about the way these symmetries are realized. In particular, 
it is possible that S-duality is realized only as a finite index subgroup of the full SX(2,Z). 
In the absence of a satisfactory resolution of this problem, we simply ignore the anomalous 
phase factors and proceed further. Moreover, it turns out that for k = 1 the phase 1/(77) can 
be canceled by a suitable choice of characteristics 

0£ = O, 0o = ^oo/2, a -0° = A aa . (VI. 14) 

We will use this choice in the next section and the results obtained there seem to confirm its 
correctness. Unfortunately, no choice was found which would lead to cancelations in other 
cases. 



Fivebrane instanton action 

The second consistency check is to show that the corrections to the metric generated by 
the transition functions (I VI. lip indeed have the form of the NS5-brane contributions (jL39j). 
In other words, we need to compute the instanton action corresponding to (TVI.lip . The 
simplest way to do this is to evaluate the Penrose transform of H^^^ 

f dt 

/ -# fc ^(£(tU(t),a(t)). (VI.15) 

If, ~ t 



This is a typical integral which describes instanton corrections to various quantities. While 
the precise form of the integration kernel can be different and vary from one quantity to 
another, it does not affect the leading saddle point approximation we are interested in. 
Substituting the tree level expressions for the Darboux coordinates (lIII.4p . it is straight- 



forward to find the saddle point and to evaluate the resulting instanton action Sk tP ^- The 
expression is a bit cumbersome and we refer to [35] for its explicit form. As a cross-check 
one can verify that the same expression is obtained by applying the classical mirror map and 
S-duality to the classical D-instanton action (1I.37P 



Sk, P .*f = g- Sj, S 7 = 2ttt 2 \Z j \ + 27ri(g A C ~P Ca)- (VI.16) 

The fivebrane action crucially simplifies in the small string coupling limit r 2 — > 00. In this 
approximation one finds 

S k , pA « irk (4 - i(n A - C A )A7 A s(n E - C S )) + (a + (C A - 2t7 A )Ca) - 2mm A z A , (VI. 17) 

where we used the following notations 

n° = ~, n a = ma = \ m ° = ~T~ q '° ~ c ^P a t(g)- (VI.18) 

It is clear that the NS5-brane action ( II. 39ft is a part of our result. Moreover, the first 
term matches precisely the instanton action obtained in [77], based on a classical analysis 
of instanton solutions in M = 2 supergravity, while the other terms restore the appropriate 
axionic couplings. Thus, the transition functions ( IVI.lip are in perfect agreement with the 
supergravity description of NS5-branes. 
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3 Fivebrane partition function and topological strings 
3.1 Relation to the topological string amplitude 

(k) 

During long time it was suspected that the NS5-brane partition function Z^S5 I s closely 
related to the topological string partition function Z top [TH1 CO] . There are several reasons to 
expect such a relation. In particular, for k = 1 they are both governed by Donaldson-Thomas 
invariants and, in addition, they both behave as wave functions. For topological strings this 
is a well known fact coming from the holomorphic anomaly equations satisfied by Z top and 
the possibility to define it for different polarizations of the symplectic space if 3 (2),IR) [80J. 
For NS5-branes this is a consequence of the Heisenberg algebra or, equivalently, the twisted 
periodicity condition (jVOJ). Indeed, the most general function satisfying this condition can 
be written as a non-Gaussian theta series 

4*iwc A ,co = £ ^' m (c a -^ a )e(mca-0aK + ^(^a-c a Ca)), (vi.19) 

where ^k M (C A ) is a kernel of the theta series which also depends on the complex structure 
moduli and the string coupling. One observes that the unknown kernel depends only on a 
half of the variables parametrizing the torus T. In the given case, these are ( A . On the 
other hand, one can give a similar representation where the kernel depends instead on £a 
and is related to the original one by a Fourier transform. This indicates that ^jj^XC) should 
be viewed as a wave function in the ^-representation. Moreover, it should transform in the 
metaplectic representation under changes of symplectic basis similarly to the topological 
wave function in the real polarization. Due to this, it is tempting to suggest that these two 
objects should be somehow identified. 

It turns out that the results presented in the previous section allow to put these ideas 
on a firm ground. To this aim, let us consider a formal sum of the holomorphic functions 
(I VI. lip for k — 1 over the integer charges p,p a and q\: 



H^,la)= £ H^fola). (VI.20) 

p,p a ,q\ 

This sum is formal because each term is attached to a different contour on CP 1 . Never- 
theless, it can be meaningfully inserted into general formulas for Darboux coordinates and 
the contact potential, provided the sum is performed after integration along CP 1 . From the 
mathematical point of view, it just defines a section of H l {Z M pert, 0(2)). 

As we know from the previous section, for k = 1 there exists a choice of characteristics 



(IVI.15P such that the section P^ss I s invariant under the Heisenberg symmetry. As a result, 



it can be recast into the form very similar to the non-Gaussian theta series (IVI.19P 

I «) = 4^2 E n ™ (£ A - nA ) E (» + n ^ " • (VL21) 

n A 

A remarkable fact is that the function "H^ss appearing in this representation turns to be 
proportional to the wave function of the topological A-model on 2) in the real polarization, 
which should be analytically continued to complex values of its argument |35j . 

^Ss 5 (e A ) ~ *r(£ A ). (VL22) 
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The proportionality factor can be expressed in terms of Mac-Mahon function and depends 
only on £°. 

The relation (1VI.22j) provides a direct link between the NS5-brane instantons in type IIB 
string theory on a Calabi-Yau 2J and A-model topological strings on the same Calabi-Yau. 
By mirror symmetry, one expects that NS5-brane instantons in type IIA on 2} should be 
related to the topological B- model on 2). On the other hand, despite the relation flVT.22j) is 
very concrete, the unclear status of the sum over charges in the definition of H^ 5 raises some 
questions about its physical interpretation which certainly require a deeper understanding 
of the physics behind it. 

3.2 Fivebrane partition function from twistor space 

Due to the complicated nature of NS5-branes, to define their partition function is a very 
non-trivial problem. One of the standard approaches to this problem is a holomorphic 
factorization [EH E2] . It does allow to find a partition function which has the form of the 
theta series flVI.191) and reproduces the classical fivebrane instanton action flVI.17j) . However, 



the validity of this approach is very restricted. First of all, it ignores all non-linear effects on 
the fivebrane worldvolume so that it gives only a Gaussian approximation of the full partition 
function. Then, in type IIA, it takes into account only the degrees of freedom of the self-dual 
3-form flux H, whereas we expect also a non-trivial dependence on the complex structure 
moduli and the string coupling. And finally, it involves some further simplifying assumptions 
which do not seem to hold in general [35J. Thus, while the holomorphic factorization likely 
captures the right topological properties of the fivebrane partition function, it is not able to 
produce the complete result. 

On the other hand, our twistor approach suggests a natural candidate for the full partition 
function: it can be defined by summing the Penrose transform flVI.151) over charges 



4s5 )= E / jiW£(tU(t),a(t)), (VI.23) 

p,p a ,q a ,qo tk >P>7 



where the vector /i a is the residue class defined below (lV.46j) . Note that this definition 
absorbs the dependence on the NS-axion so that it actually coincides with the r.h.s. of 
fIVI.lj) . In [35] the sum over electric charges has been performed explicitly. Besides, the 
saddle point evaluation of the Penrose transform in section 12.21 has been generalized to 
include the normalization factor which should correspond to the one- loop determinant. As 
a result, for k = 1 in the small coupling limit, this prefactor was found to be 

J~(2 A ImF As z s ) t s 24 e fliz \ (VI.24) 

where 

t s = 4 e K r^ x (C A - n A ) Im AW S (VI.25) 

is the saddle point and fi(z) is the holomorphic part of the one- loop vacuum amplitude of 
the topological B-model. The appearance of fi(z) further strengthens the connection with 
topological strings. Moreover, it is consistent with the monodromy transformations of the 
NS-axion (j VI. 7ft . Indeed, denoting by £ the line bundle over /Cc (2J) in which the holomor- 

phic three-form Vt is valued, e n( - z > is a section of C ~ which does not have a canonical 
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definition unless x%} is divisible by 24. Due to this, one expects that its monodromy trans- 
formation also contains a unitary character k(M) which appears in (TVI.7|) and the condition 

A (k) 

that the total partition function 2"ns5 ^ s wen defined requires that the two characters are the 
same. 

Finally, we show how the fivebrane partition function ( 1VI.23I) can be encoded in a certain 
state in the Hilbert space % of square- integrable functions on if 3 (2),R). To this aim, let 
us consider a specific state |\I/ rm > fe '^) e "H, which has the following simple representation in 
terms of its wave function \pJj m ' fc,/x (£ A ) in the real polarization 

< m ' fc ' M (C A )= 6 (C A -™ A ) e 2nik ^ An \ (VI.26) 

Besides, we introduce two sets of operators, T A and Ta, acting on H. Their action on an 
arbitrary wave function in the real polarization reads 

T A ■ vf R (C A ) = 27r£;C A vMC A ), f A ■ = -id c ^ R (( A ), (VI.27) 

so that they satisfy the Heisenberg algebra 

[T A ,f E ] = 2irik8%. (VI.28) 

with the NS5-brane charge playing the role of the Planck constant. Then the fivebrane 
partition function (1VI.23I) appears as the Penrose transform of a matrix element 

ZjM> = J ^e 2 * ika (* r -^| e^-'^lH^}, (VI.29) 

where [H^se?) * s ^ ne state whose wave- function in the real polarization is given by an exten- 
sion of %ns 5 from (1VI.21I) to arbitrary NS5-brane charge k and residue class /i a . This is the 
state we were looking for. As we know from (1VI.22j) . it essentially coincides with the state 
associated to the topological string wave function. 
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Example: universal hypermultiplet 



Until now we considered the HM moduli space which is obtained by compactifying type II 
string theory on arbitrary Calabi-Yau. While our results uniquely determine the quantum 
corrected metric on A^hMj it is difficult to give its explicit form beyond the perturbative 
approximation. However, there exists a special case where such an explicit representation is 
possible. This is the case of type IIA string theory compactified on a rigid Calabi-Yau, which 
has vanishing Hodge number h 2,1 and therefore does not have complex structure moduli. In 
this case the effective theory contains only one hypermultiplet, which is known by the name 
universal hypermultiplet (UHM) and was briefly mentioned on page [T2J Since n# = 1, the 
HM moduli space is four-dimensional which is the simplest possible case of a quaternion- 
Kahler manifold. This is the reason why the UHM was extensively studied in the literature, 
see for instance [821 [831 EH Ell [221 SS [86], and in fact the first insights to many of the results 
reported here have been obtained from these studies. 

In this chapter we are going to specialize our general results to the particular case of 
the UHM. Moreover, we use the fact that four- dimensional QK manifolds can be described 
in terms of solutions of just one non-linear differential equation. We establish a connection 
between this description and our twistor approach, which allows to immediately translate 
the results for the quantum corrections to the contact structure on the twistor space to the 
corresponding corrections to the metric. 

1 Four-dimensional QK spaces 
1.1 Przanowski description 

A four- dimensional QK manifold is an Einstein space with a non-vanishing cosmological 
constant and a self-dual Weyl curvature. In the case of positive cosmological constant there 
are actually only two possibilities: the four-sphere 5* 4 and the complex projective plane 
CP 2 . However, we are interested in the case of negative scalar curvature which is much 
more non-trivial and allows for continuous deformations. 

It is worth to mention that the limit of zero curvature corresponds to four- dimensional 
HK manifolds. The metric on such manifolds, which are thus Ricci-flat and self-dual, is well 
known to be encoded in solutions of the so called heavenly equations [S7|. It is less known 
that a similar result holds also for a non- vanishing cosmological constant. It was shown by 
Przanowski [88J that locally it is always possible to find complex coordinates z a such that 
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the metric takes the form 

ds 2 Q = -- (h a p dz a dz B + 2e h |d2 2 | 2 ) = 2^ dz a d/, (VII.l) 

where h a = dh/dz a , etc. It is completely determined in terms of a single real function 
h(z a , z a ) and the constraints of quaternionic geometry require that the function must satisfy 
the following non-linear partial differential equation 

Prz(/i) = hnh 2 2 - hyjixi + (2/in - Ml) e h = 0. (VII.2) 

To show that the metric (IVII.ll) is indeed quaternion-Kahler, it is sufficient to verify the 
conditions (III.2ip . where in four dimensions the coefficient v is related to the cosmological 
constant as v = A/3. They are satisfied provided the 5"?7(2)-connection and the quaternionic 
two-forms are expressed in terms of h as follows [89j EH] 



p + = e h/2 dz\ p 3 = -(d- d)h, p~ = (p + )*, 

2 (VII.3) 

= X ek/2hl dZ ' A U Q = 21 Sap dz ° A " Q = (CJ+)*. 

It is important to emphasize that solutions of the Przanowski equation (1VII.2I) are not 
in a one-to-one correspondence with the self-dual Einstein metrics. In general, there are 
infinitely many ways of expressing a given metric in the form (IVII.ip . One can distinguish 
between two types of ambiguities. The first comes from the following holomorphic change of 
coordinates 



z 1 ^ z' 1 = f(z\z 2 ), z 2 ^z' 2 = g(z 2 ) 



2M2 ( VIL4 ) 



h(z\ z 2 ) h'(z\ z 2 ) = h (f(z\ z 2 ),g(z 2 )) - log \g 2 (z 2 ) 

which, supplemented by the above change of the Przanowski function, provides a symmetry 
of the metric [91]. The second ambiguity roots in the choice of complex structure defined 
by the coordinates z a . A QK space has infinitely many local integrable complex structures 
and any of them can be used to achieve the Przanowski ansatz ( IVII.ll) . In general, different 
complex structures lead to different solutions of the Przanowski equation which are related to 
each other through a non-holomorphic change of variables. As we will see, this phenomenon 
has a natural interpretation in the framework of the twistor approach. 

1.2 QK spaces with isometries 

If a four-dimensional QK manifold has an isometry, there exists even a simpler description. 
It is provided by the Tod ansatz [92] which can be written in local coordinates (p, z, z, ip) in 
the form 



A 2 3 

M = ~A 



4 (dp 2 + 4e T dzdz) + (d0 + 0) 



y - > ' Pp 2 j ' ( yiL5 ) 

where the isometry acts as a shift in the coordinate 9. Here, T is a function of (p,z,z), 
P = 1 — | pdpT, and is a one-form such that 

d© = i(d z Pdz - dzPdz) A dp — 2i d p (Pe T )dz A dz. (VII.6) 
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The Einstein self-duality condition of the metric imposes on the function T the three- 
dimensional continuous To da equation 

d z d- z T + d 2 p e T = 0, (VII.7) 

which also plays the role of the integrability condition for flVII.61) . 

This description can be related to the more general one due to Przanowski if one chooses 
the coordinates z a such that the Killing vector dg acts by shifting the imaginary part of z 1 . 
Then the condition that this action is isometric is equivalent to hi = hi and the relation 
between h, z 1 , z 2 and T, p, z is given by the Lie-Backlund transformation [931 EI] 

z = z 2 , p= 1/(2^), T = h + 2\ogp. (VII.8) 

Similarly, in the case of two commuting isometries, there is an ansatz due to Calderbank 
and Pedersen [95] which encodes the metric in terms of solutions of the Laplace equation 
on the hyperbolic plane. We refer to [90] for the relation of this ansatz to the Toda and 
Przanowski equations. 

1.3 Relation to the twistor description 

The above results provide an explicit parametrization of the four- dimensional QK metrics 
in terms of solutions of differential equations. However, this leaves us with the problem of 
solving these non-linear equations and an additional problem that different solutions can in 
fact describe the same manifold. This should be contrasted with the twistor approach where 
any consistent set of holomorphic transition functions defines a quaternionic manifold, but 
to get the metric, in general, requires solving some (integral) equations. 

A relation between these two descriptions has been established in [90]. It comes from 
the observation that the metric on Q can be expressed through the Kahler potential and the 
contact one-form on its twistor space [30] 

dsl^j-^-e- 2 *^ 2 ), (VII.9) 

where the r.h.s. should be restricted to any real-codimension 2 (local) complex submanifold 
C transverse to the contact distribution, i.e. such that X\c ^ 0. This form of the metric 
essentially coincides with the Przanowski ansatz ( 1 VI Lip and allows to identify the Przanowski 
function with the restriction of the Kahler potential on Zq to the submanifold C up to a 
Kahler transformation 

h = -2K C + F c + F c . (VII. 10) 

Moreover, one can show that a set of constraints to be satisfied by the Kahler potential, 
which include in particular the Monge-Ampere equation representing the Kahler-Einstein 
property of the metric on Zq, reduces to the single Przanowski equation (IVII.2D . 

This derivation also demonstrates that choosing different complex submanifolds, one 
generates different solutions of the Przanowski equation. A particular choice of C specifies 
a local integrable complex structure on Q. As a result, this choice appears to be the origin 
of the non-holomorphic ambiguity in the Przanowski description mentioned in the end of 
section [LT] In practice, the complex submanifold C can be specified by the vanishing of some 
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holomorphic function C(£, £, a) = on Zq. Then it is enough to solve this condition with 
respect to one of the holomorphic coordinates and substitute the solution into the Kahler 
potential. 

A particular convenient choice of the complex submanifold is provided by C = l/£ because 
this is the only choice which can be equivalently described as a hypersurface of constant 
fiber coordinate t, namely t = 0. In this case, one can explicitly identify the Przanowski 
coordinates z a and function h with coefficients of the Darboux coordinates flll.35j) in the 
small t-expansion. More precisely, one has [90] 



2 Y 2 (Villi) 

h = -20 + 2 log-. 

Conversely, some of the first coefficients and the constant part of the contact potential can 
be expressed through the Przanowski function 

Y = ^> & ] = + ^ ^ = - lo ^ 2h ^- ( VIL12 ) 

In the presence of an isometry these relations can be further simplified. For example, the 
contact potential becomes globally defined and t-independent so that $W = anc } one can 
drop the first term in the expression forfS +] . Using (jVTOll . one also finds an explicit relation 
between the twistor data and the Toda potential 

p = e ^ T = 21og(y/2). (VII.13) 

In particular, the radial coordinate is identified with the contact potential and therefore in 
the context of string theory coincides with the four- dimensional string coupling. 



2 Geometry of the universal hypermultiplet 



2.1 Perturbative universal hypermultiplet 

The perturbative metric on the moduli space of the universal hypermultiplet can be obtained 
from the one-loop metric (1III.12j) where there are no complex structure moduli z a and there 
is only one pair of the RR fields £, (. In addition, since a degree 2 homogeneous function 
of one argument is necessarily quadratic, the holomorphic prepotential must be of the form 
F = | X 2 . The complex parameter r is the modulus of the intermediate Jacobian JT C (2)) 
defined in section IVIIfTl Although it does affect the global structure of the moduli space, 
locally it can be absorbed into a redefinition of the RR scalars. For simplicity, we restrict 
it to be r = — i/2 so that K — N — 1 and M — — i/2. As a result, the perturbative metric 
takes the form [221 SB] 



U6 UHM 



r + 2c , 9 r + 2c 
■ dr 2 + — 



r 2 (r + c) 



+ 



r + c 



da + CdC-CdC • (VII. 14) 



16r 2 (r + 2c) 

It is easy to recognize that the metric ( 1VII.14j) falls in the Tod ansatz ( 1VII.5I) where one 
should take [86J 

T = log(p + c), (VII. 15) 
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identify the coordinates as 

p = r, z=~(C-2iC), e = -\°> ( VIL16 ) 

and put A = —3/2. It is trivial to check that ( 1VII.15I) indeed satisfies the Toda equation 
(|yTT7j) being its one of the most trivial solutions. The one-loop deformation appears as a 
simple shift of the radial coordinate, which is a symmetry of the Toda equation. 

Similarly, one can put the metric into the Przanowski form provided one takes [96J 

z L = -{r + clog(r + c ) - I C 2 ) - \{<J + CO, z 2 = -|(C - 2if), 

r 2 (VII. 17) 

h = — log . 



These equations perfectly agree with the identifications ( 1 VII. lip where the Darboux coor 



dinates are taken from chapter II I II with T2 excluded in favor of the contact potential r = 
(lUI.lip . Thus, the Darboux coordinates we are working with, in the patch Wo, are given by 



C[0] 


= c 


|[0] 


= c 


«[°] 


= a 



v^T^(t x + t), (VII.18) 
a - iy^T^ (t _1 (C - 2iC) + t(C + 2iC)) - 8iclogt. 



To check that the function h ( 1VII.17P does solve the Przanowski equation (IVII.2j) . one should 



express r as a function of z a . In presence of the one- loop correction this can be done only 
implicitly, which is however sufficient to compute the derivatives of h and to verify the 
equation. 

Finally, we mention that there is a surprising duality between the one-loop corrected 
UHM described here and the c = 1 non-critical string theory compactified on the self-dual 
radius [97] (for a review of c = 1 strings, see [98| [99]). Both systems are represented by the 
same solution of the Toda equation and the twistor description of the UHM turns out to be 
equivalent to the Lax formulation of the integrable structure of the c = 1 string theory. 



2.2 Instanton corrections as perturbations 

To write the instanton corrected UHM metric, one should find a solution of the Przanowski 
equation flVII.2p which would incorporate these contributions. Of course, it is almost im- 



possible task given the complicated nature of this equation. If one ignores the NS5-brane 
instantons, so that the isometry along the NS-axion remains preserved, it is possible to use 
the Toda description of section 11.21 However, it does not much simplify the problem as the 
equation to be solved is still a non-linear equation in partial derivatives. 

Nevertheless, both these equations become very powerful once one is interested only in 
linear deformations of the one-loop corrected metric ( lVII.14p . This restriction is equivalent 
to the one-instanton approximation which was discussed repeatedly in the previous chapters. 
In this approximation, one can expand the "master" equation, ( 1VII.2P or ( 1VII.7p . around a 



solution representing the perturbative metric. As a result, one obtains a linear differential 
equation which is much easier to solve. Of course, not all solutions of these linearized 
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equations are physically relevant and some conditions which select the admissible solutions 
should be imposed. 

This procedure has been carried out in [SB] for the Toda equation and in [HH] for the 
Przanowski equation. The following three types of solutions have been found: 



- e-^'t-^Ko ^irVfr + cXV+p 2 )) , (VII.19) 
( I — c A ^ nc ^ 

£ lV 1+ 16(^J 4^+-c) e± 27ri(pC-fc(^+CC)) e - 7 r(p-fcC) v /l6(r+ C )+C? VII 2 Q) 

r v/l6(r + c) + C 2 



C_ e ±nikcr e 



nk(4r-(^e+C 2 )) roc 



(r + c 



Ac-wk 



-8nk(r+c)t _ 



dt 



£l + 87Tcfc : 



(VII.21) 



where the charges are restricted to satisfy p > 0, k( < for the second solution and k > 
for the last one. These solutions are not unique. In particular, any function obtained by 
applying a Heisenberg transformation to ( 1VII. 19|) - (1VII.2 1[) or a linear combination thereof is 
also a solution of the Przanowski equation linearized around ( IVII17j) . 

Furthermore, the first solution has a transparent physical meaning: this is just an in- 
stanton correction due to a D2-brane with charge {p,q). Its leading large r asymptotics, 
corresponding to the small g s limit, perfectly agrees with (II.37j) . whereas the Bessel function 
provides all subleading contributions. Similarly, comparing the third solution with (11.39j) . 
one recognizes an NS5-brane instanton. Applying the Heisenberg shift of ( and integrating 
over the shift parameter, one can obtain another solution which differs only by the exponen- 
tial factor. Its leading asymptotics reads e ±7rlfc ( <T +CC)- 7rfc ( 4r +2 C ) and reproduces the NS5-brane 
action (1VI.17j) from the previous chapter. The possibility to represent NS5-brane instantons 
in different forms can be considered as a realization of the wave function property discussed 
in section IVTl3.ll 

Finally, the second solution does not have an obvious interpretation. Its axionic couplings 
indicate that it should represent a bound state of NS5 and D2-branes, but the real part of the 
instanton action has a somewhat unusual form. Although there is a BPS solution in classical 
supergravity which reproduces such instanton action |100j . the microscopic interpretation of 
flVII.20j) remains unclear. 

More generally, it turns out that the linearized Przanowski equation around a solution h 
can be written in the following form 



dPrzfc (Sh) =e h \h 1 \ 



1* 



5h 



o. 



(VII.22) 



In the case with an isometry when hi = hi, the second order differential operator A coin- 
cides with the Laplace-Beltrami operator defined by the metric (IVII.ip one expands around. 
Otherwise, A is given by its generalization involving a certain connection term, which un- 
fortunately has not been understood from a geometric point of view. In any case, the de- 
formations of h appear as eigenmodes of this operator. The specific eigenvalue 2 A/3 = R/6 
corresponds to a conformally coupled massless scalar field. In this case, the eigenmodes of 
the Laplace-Beltrami operator are known to be generated by Penrose-type contour integrals 
[21]. This establishes a link with our twistor approach. Indeed, using identifications ( 1VII.11I) . 
it was shown in [90] that if the transition functions can be represented as in (1II.18j) where 
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HM* is treated as a perturbation, the corresponding variation of the Przanowski function is 
given by 

3 C > 



Moreover, for the UHM metric (1VII.14j) one can explicitly verify that f ]VII.23j) satisfies the 



linearized equation (1VII.22|) for any set of holomorphic functions and associated closed con- 
tours. One may also consider open contours provided one makes sure that all boundary 
contributions coming from the integration by parts and the action of the Laplace operator 
on the limits of integration cancel each other. This turns out to be the case when the end 
points of the contour lie on any complex submanifold of the twistor space. 

The simple formula flVII.23j) allows to translate our results on deformations of the con- 
tact structure on the twistor space induced by instanton corrections directly to the variation 
of the metric, without necessity to solve any equations. It is sufficient to take the transi- 
tion functions associated with a given type of instantons, evaluate them on the Darboux 
coordinates (IVII.18P and integrate along the corresponding contour. Substituting the result 
into (IVII.lj) then produces an instanton corrected metric on the UHM moduli space in the 



one-instanton approximation. Note that all open contours appeared so far do satisfy the 
condition that their ends belong to a complex submanifold: for the contours £ 7 associated 
to D2-branes the submanifold is defined by l/£ = and for the contours relevant for D3 and 
fivebranes in type IIB these are m£ + n = 0. 

In this way, in particular, one can reproduce the solutions of the linearized Przanowski 
equation given above. For example, the simple exponential function H w ~ e - 27T1 (i(-pO ; which 
is a single term from the dilogarithm sum flIV.2j) . reproduces Sh^ g . On the other hand, to 
get 5h k ±) one should take 

H (1) ~ (f ± 2ii) Snck e ±rik&-*k(±e+Z 2 ) ) (VII.24) 

and choose a contour C connecting t = oo (t = 0) to the point t± corresponding to the 
complex submanifold £ ± 2i£ = 0, namely 



a i — ; — -i ±1 

Ay/r + c 

±C + 2iC. 



(VII.25) 



Although such holomorphic functions did not appear in our studies of fivebrane corrections 
based on S-duality, it is tempting to suggest that they may be relevant for the type IIA 
description of NS5-brane instantons. These functions correspond to the so called symmetric 
gauge where none of the Heisenberg shifts (11.3ip . except the shift of the NS-axion, is an 
explicit symmetry. Therefore, the complete answer should involve a double sum over both 
shifts of £ and £ generalizing the theta function representation flVI.21j) |101j . Although it 
is possible to relate it to the usual £ and ^-representations, the symmetric gauge is plau- 
sible due to the simplicity of the transition function (I VI 1 .24 j) . Moreover, it appears to be 
symplectic invariant since the quadratic term in the exponent is nothing else but the Hesse 
potential evaluated on the symplectic vector (£,£)• This fact also opens a possibility for a 
generalization of ( 1VII.24j) to higher dimensions. However, this part of the full picture has 
not been understood yet and our story about the twistor approach to the non-perturbative 
HM moduli space stops here. 
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In this review we summarized a progress in understanding quantum corrections to the 
hypermultiplet moduli space. Just five years ago only the tree level metric and some frag- 
mentary facts about its quantum corrections were known, whereas now we are already very 
close to the complete non-perturbative picture! We have shown how such a coherent picture 
arises step by step: starting from the one-loop correction to the tree level metric, incorpo- 
rating D-instantons, and finishing with NS5-brane contributions, all included consistently 
with the constraints of quaternion-Kahler geometry. 

To achieve these results, it was crucial to apply the twistor approach to quaternionic 
geometries, which has been developed precisely for this purpose. It originated as a general- 
ization of the projective superconformal approach, which marked many important findings 
in theories with N = 2 supersymmetry, but is restricted to quaternionic spaces with suffi- 
cient number of commuting isometries. In contrast, the twistor approach does not have any 
restrictions and in its framework many non-trivial physical effects obtain a simple and nice 
geometric description. 

On the way, we have also gained new insights into the action of S-duality, realization of 
quantum mirror symmetry, and connection to integrable models. The last point is especially 
encouraging since it gives a hope that the whole problem possesses a hidden integrable 
structure. Its discovery would certainly have a great impact on the subject and could provide 
new hints to the fundamental structure of string theory. 

Furthermore, the study of NS5-brane corrections revealed their close connection to topo- 
logical strings. Although such a connection was suspected to exist already long ago, we were 
able to give it a precise form. However, its implications have not been investigated yet and 
are still to be understood. 

Of course, there still remains a lot of work to be done before the main problem addressed 
here can be claimed to be completely solved. Moreover, in the course of achieving this goal, 
one opens new research directions which raise new issues and new questions. Therefore, we 
would like to finish this review with a list of problems which, from our viewpoint, are either 
very interesting or indispensable for further progress: 

• The most urgent problem is to extend the results reported here on instanton corrections 
due to D3, D5 and NS5-branes to the multi-instanton level. Such extension should 
also provide the complete non-perturbative mirror map and make a conclusion about 
the fate of S-duality: Is it realized as the full SL(2, Z) group or only as some of its 
subgroups? 

• In chapter |VT] we found instanton corrections due to NS5-branes in the linear approx- 
imation. The resulting picture is adapted to the type IIB formulation as it explicitly 
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respects S-duality. On the other hand, very often the results, which exist in the two 
mirror formulations, appear in type IIA in a simpler form than in type IIB, as is the 
case, for example, for D-instantons. Therefore, it is natural to ask how the NS5-brane 
contributions look like in the type IIA picture? Note that this formulation is expected 
to be explicitly invariant under symplectic transformations, but it is not clear how to 
reconcile this requirement with the theta function representation flVI.19j) . which is a 



consequence of the Heisenberg symmetry. Some hints to a possible resolution of this 
puzzle can be found in the study of instanton corrections to the universal hypermulti- 
plet presented in the last chapter. 

An important problem is to show that the full non-perturbative moduli space metric is 
free of any singularities. In particular, this implies that the instanton corrections must 
resolve the one-loop singularity at r = —2c. This requirement gives a very non-trivial 
consistency check on our construction. 

At present, it is not clear how such a resolution can be demonstrated. Probably, it 
should involve some resummation of the sum over charges and taking into account 
multi-instanton contributions. This in turn raises the problem that, in contrast to the 
gauge theory case, the BPS indices ^(7) in string theory are exponentially growing 
and therefore the sum over charges is divergent. In [lU2j it was argued that this sum 
can be considered as an asymptotic series and be resumed using a generalized Borel 
technique. As a result, the ambiguity of the asymptotic series turns out to be of the 
order of NS5-brane instantons so that the latter are expected to convert this series 
into a convergent one. To show that this is indeed the case is another important open 
problem. 

A series of questions arises from the observed relation of D-instanton corrections to 
integrable models described by Thermodynamic Bethe Ansatz. First of all, it would 
be interesting to understand what is the precise integrable structure behind this TBA 
and what is its physical interpretation from the string point of view. In particular, 
how to extract the two dimensions, where the integrable model is supposed to live, in 
string theory? 

It should be noted that for N = 2 supersymmetric gauge theories there is a special 
chamber in the moduli space where the spectrum takes a particularly simple form 
[103j . In this canonical chamber the BPS states can be associated with the nodes 
of a Dynkin diagram and the scalar product between their charges are provided by 
the corresponding Cartan matrix. The phases of the central charges turn out to be 
ordered also in a special way and, as a result, the TBA equations for the metric on 
the instanton corrected moduli space can be mapped to the Y-system of the standard 
ADE integrable models j5]. Whether similar results hold in the string theory context 
remains unclear. 

A very interesting question is whether the integrability of D-instantons is extended to 
include NS5-brane contributions? An affirmative answer to this question could have 
important implications. Whereas the relation between D-instantons and integrability 
is fascinating, in a sense, it is not completely unexpected. As we know, in this approxi- 
mation the HM moduli space is dual by the QK/HK correspondence to a HK manifold 
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and a relation between the hyperkahler geometry and integrability has been observed 
long ago [2]. On the other hand, we are not aware of any examples where the former 
can be replaced by the contact geometry. Thus, the HM moduli space corrected by 
NS5-brane instantons has a chance to provide the first example of such type. 

Moreover, in the presence of NS5-branes, the Heisenberg symmetry becomes isomorphic 
to the quantum torus algebra, where the fivebrane charge plays the role of the quantum 
deformation parameter. Therefore, it is natural to suspect that the inclusion of NS5- 
branes corresponds to some quantum deformation of a classical integrable system. In 
particular, a natural hypothesis is that the D-instanton transition functions on the 
type IIA side get modified to be given by the quantum dilogarithm. However, much 
more work is required to establish whether this is indeed the case. 

• A closely related question is whether the refined BPS invariants, which appear naturally 
in N = 2 gauge theories in presence of line defects |104j and are subject to the motivic 
wall-crossing formula j5H 1105] , play some role also in our story? S-duality used to get 
fivebrane contributions seems to imply that the usual Donaldson- Thomas invariants 
are enough to describe all instanton corrections. However, if the above idea about the 
quantum dilogarithm is not completely false, the refined invariants do have a chance 
to appear. 

• Finally, one may expect that the results presented in this review will have some im- 
portant implications for other domains of string theory which include, in particular, 
topological strings and the physics of BPS black holes. Hopefully, at least some of 
these results can also be extended to vacua with N = 1 supersymmetry and be useful 
for phenomenological model building. 
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